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Abstract. In this note we prove scattering for perturbations of solitons in the scahng 
space appropriate for the quartic nonhnearity, namely s . The article relies strongly 
on refined estimates for a KdV equation linearized at the soliton. In contrast to the work 
of Tao [19] we are able to work purely in the scaling space without additional regularity 
assumptions, allowing us to construct wave operators and a weak version of inverse wave 
operators. 



1. Introduction and Statement of Results 
The generalized KdV equation 

(1.1) 

has an exphcit sohton solution 

2 „ 

i'c{x,t) = Qp,c,c2t+xo{x) ■= CP-^Qp{c{x - (Xo + C t))) 

with c > 0, Xo G M and 



dtip + d^id'^tp + ipP) =0, t,xe 
ijiO.x) = ipo{x) 



1 



(1.2) = ( V" sech A f 



Well-posedness of the generalized KdV equation was estabhshed by Kenig-Ponce-Vega [8] 
in if^ for some s depending on p. The case p = 4 (quartic KdV) is particularly interesting 
as it is the only subcritical power nonhnearity that does not lead to a completely integrable 
system. The critical space for the quartic KdV equation is H~g. Griinrock ^ obtained 
local wellposedness in H^, s > —1/6 and the endpoint H~6 was reached by Tao [19]. 
Though wellposedness is not the main focus of this note, we will return to this question 
in section [T] and use spaces of bounded p variation and their predual (see Appendix |A] and 
[6]) to simplify and strengthen Tao's wellposedness result in the critical space. 

The solutions are called traveling waves or solitons. These are minimizers of the 
constrained variational problem 

(1.3) mm{E{w) : w G = fi> 0}, 
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where 

Eiu) 



-ul - —u^+^ 



dx. 



.2 " p+1 
Minimizers also are extremals of the Lagrangian 

(1.4) S{u) = E{u) + u^dx, 

where A is a Lagrangian multiplier. Existence of the minimizer has been shown by Beresty- 
cki and Lions [2] using the constrained minimization problem 

min{T(w) : w G H^, V{w) = fl}, 

where 

T(w) = J wldx, 

V(w) = - [ w^dx ^— f njP-^^dx. 



The function Q in (1.2) is the unique positive even solution to the Euler-Lagrange equa- 
tion 

(1.5) -Q.x-Q^ + g = o 

to ( 1.4[ ) with A = 1. It is a critical point of S{u) again with A = 1, a minimizer of E with 



constramt \\u\\l2 = fi, 

(1-6) = = r-^) 

and hence the quadratic form 

(1.7) K{iP) := [ ^w'^ + ^w^ - ^QP-^w^dx > for {w, Q) = 

J / z z 

is nonnegative on the tangent space i.e. the functions orthogonal to Q. 

The stability of solitons for generic KdV equations has been studied in several seminal 
works. Orbital stability was first effectively established in the work of Weinstein [23] . 
Then asymptotic stability of solitons for KdV was first observed by Pego- Weinstein [T7], 
who proved that solitons for KdV are stable under perturbations in exponentially weighted 
spaces. Later, Martel-Merle [TU [T51 [13] and Martel [12] refined this result to observe that 
solitons for generalized KdV equations are indeed stable under perturbations in the energy 
space, but measured within a moving reference frame. As mentioned above, for the case 
p = 4, building on the multilinear estimates of Griinrock [5] and the work of Martel-Merle, 
Tao [19j assumes smallness in fl H^e and obtains scattering in H^^/^. We will give a 
more thorough introduction to previous stability results including rigorous definitions of 
stability in Section |2] 



THE QUARTIC KDV EQUATION 



3 



In the sequel we will focus on the case p = 4 and omit p in the notation. It seems that 
any further progress is tied to an understanding of the linearization, or more precisely of 
the linear equation 

(1.8) Ut + d^Cu = 
and its adjoint 

(1.9) vt + Cd,v = 0, 



which have the explicit solutions (with Q = cdcQc\c=i) 

u = a{Q + 2tQ') + bQ', v 



where 



(1.10) 



Q:-- 



cx] 



p 



cQ, 



usually evaluated at c = 1. 



Thus both equations (1.8) and (1.9) have linearly growing solutions. It is one of the first 
contributions of this paper that both equations are uniformly bounded once we take 
into account these modes, and, moreover, there are local energy estimates global in time 
once we remove these modes. In particular the assumption of Pego and Weinstein on the 
absence of embedded eigenvalues holds. 



The goal of this work is to build on the arguments of Weinstein [23j and Martel-Merle 
[m |T5j to establish some type of asymptotic soliton stability for generalized KdV equations 
by a direct analysis of the equation itself. We apply a variant of Weinstein's and Martel and 



Merle's arguments to the linear equations (1.9) and (1.9) and their relatives with variable 



scale and velocity, and control nonlinear terms through estimates for linear equations. 
Specifically, we define projection operators related to the spectrum of £: 



(1.11) 



= ^ - in^Q 



We obtain the main linear estimates which in their simplest form can be written as 



Theorem 1. Let S be the solution operator for (1.8) and S* the solution operator for (1.9). 
Then, we have 



1.12) 



snp\\S{t)P*uo\\L^ + \\sech{x)d,P^,S{t)P*uo\\L^iR-) < \\uo\\l^, 



(1.13) 



snp\\S*it)P^,v{t)\\L2 + l|sech(a;)a,P5*(t)P^lU2(M2) < Wvoh^. 



We note that the linear estimates presented in the sequel may be generalized to any 
subcritical power p < 5. We provide variants of Theorem [T] for linearization at solitons 
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with variable scale and velocity as well as estimates in scales of Banach spaces similar to 
estimates for the Airy equation. 

Even near the trivial solution dominating the nonlinear part globally by the linear parts 
requires to work in a scale invariant space similar to H~'s . On the positive side it will lead 
to scattering for perturbations of a soliton in H~6, without the smallness condition of Tao 



in the energy space (2.4). The study of the linear equation will lead to a fairly precise 
understanding of its properties which seems to be new and we hope that it will provide a 
model for many other questions on the stability of solitons. 

As is standard in the study of stability, we take 

ip{x,t) = Qc(t){x -y{t)) +w{x,t). 

Then, we have 

dtw + + ^Qlw) = - c{d,Q,){x -y)+ yiQ'Jix - y) 

(1.14) - dMQc - c'Qc + Qt) - c\Q'Xx - y)) 

- d,{6Ql{x - y)w^ + 4Q,{x - y)w^ + w^). 

The standard choice of c and y ensures orthogonality conditions for w. Due to low time 
regularity we are forced to relax the orthogonality conditions to 

(1.15) -iQcQc) = {w,Qc), 

c 

(1.16) (2/-c^)(Qc>Qc) = -«^(^,Q'c), 
where k ^ 1. 

From an implicit function theorem argument similar to that in the proof of Proposition 
1 of \13\ there exist unique c(0) and y{0) so that w{., 0) is orthogonal to Qc(o)(- ~?/(0)) and 
Q'c(o)i- ~ yi^)) pi'ovided the distance of ip to the set of solitons is small in a suitable norm. 

We consider the equations above as ordinary differential equations for c and y, coupled 
with the partial differential equation. 



Using the decomposition and linear estimates, in Sections |8.2| and |8.3| we can prove 
(refering to later sections for the definition of the function spaces, with B^^^'"^ slightly 
larger than H~^/^) the following global result 



Theorem 2. There exists e > and c > such that given (1.1) with initial data of the 
form 

minllV'o -Qco(a;-|/o)|| .-1 2 < e, 

CO ,2/0 Bcx> 
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there exist unique functions c and y with 



and a function w{x,t) G Xoo*^ such that 

tp{x,t) = Qc{t),y{t)i^) +W{x,t) 



satisfies the quartic KdV equation, andw, c and y satisfy (1.15), (1.16) and (1.14). More- 
over, 

llclliinco + \\y - c^h^nco + \\w\\ --^ < c||wo|| ._i,2- 

• -i 2 

In addition, there exists a function zq G BoJ" such that 

lk(t)-e-*^'zolL-i,2 ^0 

and 



Br, 



— e '^^-Zoll — )• as t — )■ oo 



ix-^/"((t,oo)) 



if w{fS) is in the closure of 



In fact, we prove a far stronger result than this, though Theorem [2] captures the main 
ideas. Finally, in Section 8.4 we show for a function f , there exists a quantity J{v) defined 
in (8.8) such that we have the following 



-i 2 



Theorem 3. Let vq he in the closure of in Boo^' , Coo > 0, yo & IR- Let v be the solution 
to the linear homogeneous KdV equation. Assume that 

J{v) < 6 

for some S = S{\\vo\\ .-1,2)- Then there exists a solution ^ to the quartic KdV equation, a 
function y G C^([0, 00)), c G C^([0,oo), (0,oo)) such that w = \1/ — Qc,y, c and y satisfy 



equations (1.15), (1.16), (1.14), and 



(^(0),g,(o)(. -y(0))) = (t^(0),Q;(o)(. -y(0))) = 



_i 2 

c(t) — )■ Coo, y(0) = yo, w(t) — v(t) — > m i?oo^' as t —t- 00. 
Moreover, if in addition Vq G L"^, then G C(]R, L^(]R)) and 

\\vo\\h + \\Qc^,o\\h = \\^mL^- 



There exists e > such that the assumptions are satisfied if \\vo\\ ._i,2 ^ ^- 
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Remark 1.1. The conclusions in Theorems |2|and|3| hold as well in the spaces -Boo''' H 
n H'^ for any — 1 < s < an d cr > 0, allowing one to prove uniform bounds in higher 

Sobolev norms, see Section 



7.1 



i,2 



In particular, given initial data in Soo^' H fl if'^, J 



small will imply stability and scattering in Bo. 

prove boundedness and scattering in the energy space H^, intersected with B, 



r\H^ r\ W . Specifically, we note one can 

2 



To motivate the construction of our nonlinear iteration spaces, in Section |3] we first derive 
some refined estimates for the linear KdV equation 

dtu + dlu = /, 
u(0, x) = uo{x). 

Then, in Section |4] we discuss the spectral and mapping properties of the operator C and 
derive linear estimates for the systems (1.8) and (1.9) and their relatives 



(1.17) 



Ut + Uxxx + {Qc{t){x - X{t))u)x = /. 



In Section 5 we combine local smoothing estimates as for (1.17), where we treat the Q 



terms as error terms with the virial identity and energy conservation for |1.8| to prove uniform 
bounds for a projection of the solution v assuming orthogonality of the initial data to Q'. 

With this first result at hand we pursue a standard though nontrivial path and employ 
pseudodifferential techniques and duality to derive similar estimates in a full scale of func- 
tion spaces. The Littlewood-Paley decomposition at low frequencies is severely affected by 



the term containing Q. This is done in Section ^ with main result Proposition 6.7 



Theorems |2] and [3] are proven in the final two sections by combining the well-posedness 
arguments and the linear estimates. 
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partially supported by the DFG through Sonderforschungsbereich 611. The authors wish 
to thank Axel Griinrock and Yvan Martel for helpful comments on an early version of the 
result. 



2. Review of Previous Soliton Stability Results 

To begin, we consider the linearized operator 

Oj = -ifj" - pQP-^^ + iP 



associated to the Euler-Lagrange equation (1.5) of (1.4) with A = 1 respectively the con- 



straint variational problem (1.3) with Lagrange multiplier 1. It is one of the remarkable 



operators for which almost everything is know about the spectrum and scattering, see Lamb 
[llj Section 2.4 and 2.5, and Titchmarsh [21j subsection 4.19. The operator 
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has the continuous spectrum [0, oo) and the ground state i^o^x) = sech"(x) with eigenvalue 
provided M = a{a + 1), a > 0. The other eigenvalues are (a — j)^ for 1 < j < a 
together with the eigenfucntions can be obtained as follows: Let ipo,M be the ground state 
with the constant M. Then, 

i 

^j^(a+j)ia+j+i){x) = Yli-j (a + tanh(x))sech"(x) 



1=1 



is the j eigenfunction to the potential with M = (a + j)(a + j + 1). We consider this 
information useful, and we will use these results, even if the arguments could easily adapted 
to a much larger class of nonlinearities. 

Clearly, 

CQ' = 

and a short calculation or a comparison with the results above shows that is the 

ground state with eigenvalue 1 — (^y'') • There is no other eigenvalue if p > 3, but there 
are other eigenvalues in (0,1) if p < 3. As an immediate consequence K{ip) > ||'?/'||^2 if 

We recall that K is positive definite on the orthogonal complement of Q. We follow 
Weinstein [23] and use this bound to establish a lower bound on a different codimension 2 
subspace if p < 5. There exists 6 > such that 

(2.1) K{^) > 511^11^1 for all ^ with Q^-^Q') = (^, Q) = 0. 

It suffices to verify this statement independently for odd and even functions. For odd 
functions the quadratic form is nonnegative, with a null space spanned by Q'. Positivitiy 
follows from (Q' ,Q^~^Q') 7^ 0. The argument for even functions is harder, but again the 
quadratic form is nonnegative since Q is a local minimizer of the constraint variational 
problem. 



Let ipj a minimizing sequence with HV'illHi = 1- Suppose that the left hand side of (2.1) 
converges to 0. The sequence maximizes J Q^'^ipjdx. There exists a weakly converging 
subsequence which convergences against a nontrivial even limit ip since ip ^ J Q^^^ip'^dx > 
is weakly lower semicontinuous. Moreover {ip,Q) = and HV'!!//! < 1. Rescaling if 
necessary we see that = 1. 



We want to show that K{ip) > and argue by contradiction. Suppose that K{ip) = 0. 



Then by (1.7) ip is a minimizer of K under the sole constraint (Q^ip) = hence it 



satisfies the Euler Lagrange equations 

Cij = XQ. 

But then ip is a. multiple of Q since 

CQ = -2Q 
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is the unique symmetric function with this property. However, ip is orthogonal to Q, but Q 
and Q are hnearly independent if p 7^ 5, hence ■?/' = 0, which contradicts our construction 
and thus imphes the existence of 5 > with 



Observe that here the subcriticahty condition p < 5 enters crucially. 
Given ip we define the parameters Cq and Xq by the variational problem 

11^ - Qco,xo\\hi = inf 11^ - QcxWm- 



Following Weinstein [23] we claim 

(2.2) \\ij-Q,,,,Xm<c{E{^)-EiQ,)) 

provided the left hand side is sufficiently small. This is a consequence of the lower bound 



for the quadratic form (2.1). 

Lyapunov stability of solitons has been shown in the seminal work of Weinstein 
Theorem 4: Let e > 0. There exists 6 > such that, if 

11^0 - QiWrn < S, 

then 

inf \\ilj{t) - Qi{x - Xo)\\hl < e. 

XQ 

This is a direct consequence of the conservation of the norm and the energy, plus (2.2). 

The study of asymptotic stability began with Pego- Weinstein [T7] in spaces with growing 
exponential weights. The effect of the weight is twofold. First, there is not much the 
soliton could interact with on its path to the right. Secondly, small solitons which are slow 
and prevent asymptotic stability in carry a weight which makes them exponentially 
decreasing in time. A key assumption is the absence of embedded eigenvalues of dxC, other 
than with eigenfunction Q' and the generalized eigenfunction Q. Pego and Weinstein 
verify this assumption for p = 2 and p = 3 and show that it fails at at most a finite number 
of values for p between 2 and 5. It is a consequence of the virial identity below that there 
are no nonzero purely imaginary eigenvalues of dxC 

The exponential weight pushes the continuous spectrum of d^C to the left, makes the 
problem more parabolic, and allows the use of techniques from smooth dynamical systems, 
in particular of a center manifold reduction which is a restriction of the fiow to a two 
dimensional manifold. 

Martel and Merle ( [HI [T3] ) and Martel [12] introduced a virial identity or monotonicity 



formula for the adjoint problem (1.9) as well as for nonlinear problems. Let 



P + IQ' p + 1 p-1 

riix) = — = tanh x 

' p-lQ 2 2 
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and suppose that v satisfies the equation (1.9). By direct computation we have 



(2.3) - II nv'dx = mC + - l)Q'^v, Q'-^v), 

where the quadratic form is nonnegative and it has by the spectral theory of Schrodinger 
operators with sech^(x) potentials a one dimensional null space spanned by Q. There are 
two consequences: the quantity on the left hand side is monotonically decreasing, and the 
right hand side controls the norm of Q^v provided v is orthogonal to a vector Q 
with {Q,Q) 7^ 0. Hence, if v{0) is orthogonal to Q' and Q - which is preserved under the 
evolution - 

||Q(P-i)/2t;||^i <csup||i;(t)|U2. 

t 

The left hand side is controlled provided we obtain a bound on sup^ ||t>(t)||i2. Martel and 
Merle ([HI [15]) use this and related observations together with the a priori control on the 
deviation of the solution to the set of solitons in ingenious ways for indirect arguments: 
The existence of a solution close to solitons, but not asymptotically converging to the 
soliton 'on the right' leads to the existence of impossible objects. 

Later, Cote [3] constructed solutions with specific asymptotic conditions including many 
soliton solutions for positive time. This shows that convergence to a soliton will not be 
true without restricting the set were convergence is studied. 

Already conservation precludes asymptotic stability of the trivial solution. The rele- 
vant notion instead of asymptotic stability is for unitary problems the notion of scattering. 
Suppose that ip{0) is close to a soliton. We seek a function w satisfying the Airy equation 
as well as c(t) and y{t) and a Banach space X so that 

11^ - Qc(t){x - yit)) - wit)\\x -^0 as t oo. 

Tao [19j verifies scattering in the following sense: Suppose that 

(2.4) 11^(0) - Qmim + \\m - QW^-l « 1- 

Then scattering holds with X = H^^. Tao relies on the work of Martel and Merle, and in 
particular on Weinstein's a priori estimate of the difference to the soliton. 

3. The Airy Equation 

For purposes of understanding and motivating dispersive estimates for the linearized 
KdV equation, here we study and collect results for the Airy equation 

Vt + fxxu' = 0, 
v{x, 0) = Vq{x). 

The solution operator defines a unitary group S{t) with the kernel 

K{t,x) = r^Ai{xr^), 



(3.1) 



10 H. KOCH AND J.L. MARZUOLA 

where as x — )■ oo the Airy function is roughly 



1 



X 1-e 

and as X — > — oo the Airy function is roughly 

Re fx" 4 e" 



3 

-X2 



Strichartz estimates for solutions, 

(3.2) llnlliPL, < c|||L)|puo||l2 

where L^L'^ is the standard space time norm such that the norm in time of the L'^ norm 
in space and 

2 1 1 
p q 2 

follow as an immediate consequence. Of particular interest for this work are the homoge- 
neous Strichartz pair {p,q) = (6,6) as well as the endpoint Strichartz pair (p, g) = (4, oo). 
For an overview of Airy function asymptotics, see Fedoryuk [4j. 

Local smoothing estimates for (3.1) go back to the work of Kato [7j. Here we are inter- 
ested in a more general version of them. Let 'y{t,x) > 1 be a smooth bounded increasing 
function. We calculate 

(3.3) ^ J -fu^dx = Jilt + 7^^V^ - Sl'uldx 

and search for conditions ensuring that the right hand side is nonpositive. We assume 

(3.4) a,^<_^a,7 

with the easiest case being 7(t, x) = 7o(x — t), for which we assume 

(3.5) 7i'^ < ^7o- 
We get 

(3.6) ^ J -iu^dx + j iiul + ^u^)dx < 0. 
Let us fix a particular example, 

(3.7) 7o(x) = l+ I {l + \y\^)-"-^dy. 

J — oo 

It satisfies the criteria and, provided e is sufficiently small, a straightforward calculation 
gives (3.5). Next, it is instructive to consider a scaling. For /i > and 70 as above we 
define 

lii{t, x) = -fo{f^~\x - n'H)). 
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Then, 

(3.8) ^ J ^ydx + J i^{ul + ^y )dx < 0. 

One may easily generalize this inequality by choosing t — )■ y{t) with ij > and setting 

7(t,x) = 7o(/U~^(a; — y{t))). In the sequel we will always restrict ourselves to ;U = 1. 

The virial identity clearly generalizes to functions spaces with different regularity. To 
see this, we first define the space (and similarly L^) by the norm 



\u\\h'p = J \{DYu\^p^{x)dx < oo. 



where p > with uniformly bounded derivatives of order up to k for some A; > |s| and 
{D)^ is defined through the Fourier multiplication (1 + Similarly we define pH^ 

where u G pH'^ if and only if 

u = pf for f e H\ \\u\\pH- = inf ||/||//-. 

u=pf 

The function p will often depend on t. Given a Banach space X we denote the space of 
X valued functions by L'^X, and, with the obvious meaning L'^pH^ and L'^H^. Such 
spaces will be explored further in Section |4j 

Remark 3.1. We note that pH'^ = -f^^-i, if p is nonnegative, up to equivalent norms. 
However as we wish to highlight the use of duality throughout the linear analysis and 
construction of iteration spaces, we adopt the pH^ convention. 

If 7 satisfies the assumptions above and 

ut - u^xx = f, / e L'^^H^'^, 



^^'^^ ^ u{Q,x) = uo{x), uq E L"^ 

we obtain by an obvious modification of the argument above 
(3-10) ||m||l-l2 + 11^11^2^1 < c (||u(0)||l2 + \\f\\L2^H-i) ■ 

We turn to a useful technical result. 
Lemma 3.1. Let m G C°°(]R) satisfy 

\m^'\0\<cj{0'-' 

for j > 1 and let m{D) be the Fourier multiplier defined by m. Suppose that 

|7(^-)(x)|<7(x) /orj>0 

and 

|1 — 7(s)/7(?/)| < c{\x — y\ + \x — y\^) for some N. 
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For any a e R u;e have 

||7-1m(D),7l(/^)^-7||L^ + ||[m(D),7l7'"(^)'"7IU^ < c.,„||j 
and 

|KD)^-^HD),7l7-V||L^ + ||(/^)^-Vl^P),7l/IU^ < C.,a||/||L- 

The most important example of m is the Fourier multipher (i^)^ defined by the function 

Proof. We begin with the estimate of the first term in the first inequahty, the second term 
being similar. We decompose m{D) = mo{D) + mi{D) where the convolution kernel mo{x) 
of mo(-D) is supported in \x\ < 2, and the one for mi{D) is supported in \x\ > 1. The 
convolution kernel mi{x) together with its derivatives decays exponentially. 

The integral kernel of 

7-1mip),7l 



-(S)> 



IS 

Ki{x,y) =mi{x - y) 

The kernel and its derivatives decay like {x — y)"'^ , which implies 

||7-1mi(L>),7l/||^^-<c^||/||i/-- 
for all A'^ > by Schur's lemma. It remains to prove 

||7-1mop),7l(i^)'-7IU^ < c.,a||/|U- 

We decompose 

{Dy = Do + D,. 

The bound for 

7-«[mop),7l^o 

follows from standard pseudodifferential calculus. The bound for the term with Di follows 
from 

||7-1mo(L'),7l/||L^<c^||/||/^-, 
which again follows easily by standard pseudodifferential calculus. □ 

Lemma 3.2. Suppose that 

/g ( ut + u^xx = /, / e V^H'-^, 

^ ■ ^ \ u{0,x) ^ uo{x), uoeH\ 

Then 

(3.12) \\u\\l^h- + \\u\\l2h-+1_ < c {\\u{0)\\h- + Wfh^^Hs-^) ■ 



1-1' 
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Moreover, if 
(3.13) 
with X > S, then 

(3-14) IklL-i/-! + I|w||l2hV) ~ ll'"(0)llif-i + Wfh'^H-^ + hh^L^- 
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ut + u^xx = (sech^(x - x{t))f)^ + d^g, 
u{0,x) = uo{x), 



Proof. We set v = {D)^u where u satisfies (3.11), hence 
and, 



vt + v^^^ = {DYf, 



\u\\l^h^ 



V7 



<c{\\vmw + UDYf\w,H-^). 

where the first term is equal to ||u(0)||hs and 

II (^)7IIlwh- =11 {D)-\^rHDYf\WL^ 

<\\f\\vw-^ + \\m-\{ir^{DYf\\L^L^ 



The last inequality follows from Lemma 



+ \\{i)-HDY-'f\\ 



3.1 



applied with 7' for 7, a 



and —1 for s. 



This implies the desired estimate (3.12). Now suppose that u satisfies (3.13) and let v be 



the antiderivative of u with respect to x. It satisfies 

Vt + fxxx = sech^(x - x{t))f + g, 



(3.15) 
hence 



v{0,x) = Vo{x), 



\u\ 



L°°H 



-1 + L2H0 < c\\g\\LiL2 + 



□ 



4. Properties of the Schrodinger Operator 



We briefly recall notions from the introduction. Given p > 1 solitons of the form Qp{x — t) 



satisfy (1.5) and it is not hard to verify that all bounded solutions are translates of ±Qp 

— . . 2 

in equation (1.2). Similarly Qpc = cp-^Qpi^cx) satisfies 

(4.1) dl{Qp),-c\Qp), + {Qpy, = 0. 

We will focus on p = 4 and omit again p from the notation. Let (') denote the differentiation 
with respect to x and (') the differentiation with respect to time. We recall the definition 



of Q, (1.10) and Qc = cdcQc respectively Qc = cdccdcQc the corresponding differentiation 
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at c. There are many exphcit calculations, and we collect some of them here. Using the 

2 

properties of Qc{x) = csQ^cx), it follows that 
(4.2) IIQcIIl^ =cs||Qi|U2, {Qc,Qc) = lcd,\\Q, 



|2 

Il2 



■WQc 



|2 

Il2, 



where the norm is given by (1.6), and 
(4.3) 

In addition, 



IIQ'cllL2 = ca||g;||^.. 



dxQc = c3Q'{cx), 
+ xQ'J = Qc = 



2 ~ 

c3Q(cx). 



cdcQc = 

The operator Cc is defined by 
(4.4) CcU = -u^x + (?u - 4g^M, 

where we mostly omit y and c if c = 1. We recall that vitually everything is known about the 
spectrum of £, see Andrews- Askey- Roy [1] , Lamb pjj and Titchmarsh [21] . We summarize 
the findings below. We also refer to Martel [12], Weinstein [23] and the references therein 
for extensive discussions of these properties for more general operators of type similar to 

By direct differentiation in x of (1.5), we see LQ' = 0. Hence, the null space of £ consists 



at least of the space aQ' for all a G 



Similarly, by differentiation in c of (4.1), we see 





^{Q) = ~2(5, so dxjC has at least a 2-dimensional generalized null space. Also, since Q' 
only at X = 0, we know from the Sturm Oscillation Theorem that there exists some Aq > 0, 
Qo > such that CQo = — AqQo, the unique negative eigenstate of £. Note, because £ is a 
sech^ potential perturbation of the Laplacian, it is possible to exactly construct Qo = 
and Ao = ^ using standard techniques. The above analysis summarizes the entire discrete 
spectral decomposition for C 

Following the introduction resp. the analysis in Propositions 2.7 and 2.9 of Weinstein 



if 



and 



{u,Q) = 



(«,Q') = 0, 



then there exists ko > such that 
(4.5) {u,Cu) > ko\\u\\l2. 

Here ko depends only on the power p = 4 in (1.1 ). 
We will consider p = e'^ with u E C'*'^"*^ with 



(4.6) 



x)\ < e 
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for < j < |s| + 1 and a small constant e to be chosen later. Clearly we may regularize u 
and hence p = without changing the spaces. Then 

u e Hp ^ pu e H" u e p~'^H\ 

It is quite obvious that the dual space of is pH^^ with isometric norms, and this 
statement does not depend on the regularity of p. We recall the definition of the projectors 

(ing. 

Lemma 4.1. For all s G M, there exists C > such that: 

\\P^,u\\h^^-<C\\Cu\\h^, 

\\Pq'U\\pH'+2 < C\\Cu\\pH=, 

\\PqM\h;+^ < C\\Cu\\hs. 

Proof. The first inequality is an immediate consequence of the nature of the spectrum 
described above along with ellipticity. The second and the third statement are equivalent 
because = p^^H^, with equivalent norms. 

Fix /i = 1 — where p = A. For A = Aq + iAi in the complex half plane left of p we 

obtain the following resolvent estimate 

|A - Ai|||M||L2 < \\{C- X)u\\l2 

and also for some 1 > k > 0, we have 



Re 



J u{C — \)udx > \X — p\\\u\\'j^2 + {{C — p)u,u) 



+ Q|A - /i| + - /i) - 4«:||Q||i..)^ \\u\\l, 

\ 1 I \ 2 , • r IA* ~ -^ol 1 T II ||2 

by the obvious choice of k. 

We obtain the estimate for A with real part at most p, 

\p — \\\\u\\l2 + min{|A — p\, 1}\\ux\\l^ < CRe((£ — \)u,u) < C\\{{C — \)u\\h-'^\\u\\ht-- 

These estimates imply that the resolvent (C — X)^^ defines a continuous uniformly bounded 
map (for KeX < Xq < p) from H^^ to H^. Moreover, 



|^||l2 < 1-^ ~ /^l "'"ll'^^l 



L2 



and 



|u.||i. < |A - pl'^ max |i, _ x)u\ 



L2- 
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We turn to the weighted estimates and calculate formally 

e'^(£ - X)e-'' = £ - A - + d^u' + u'd^, 
and hence, since dxi'' + t^'dx is antisymmetric, 

Re/.e^(£-A,e-^.M.^Re/.(£3A)i;,. 



I ' l|2 



^ 1^0-/^1 II I 
> \\u\ 



L2 



if £^ < Y ^^V^' which we assume in the sequel. As above we obtain with an explicit constant 
C 

(4.7) \\u\\hi < CWe^iC - X)e-''u\\H-^. 

It follows from these estimates that given 6 > there is a single resolvent family (for 
Re A < /i — 5) mapping pH^^ — )• pH^ and from H^^ provided e is sufficiently small. 

Recall that C has a zero eigenvalue with eigenfunction Q' and a single negative eigen- 
value — Aq with a ground state Qq. Let P be the orthogonal projection to the orthogonal 
complement of these two eigenfunctions. The remaining spectrum is contained in [p, oo) 
where p > is either 1 (if p > 3), or the next positive eigenvalue, which can be easily be 
calculated. Moreover, C is selfadjoint. The resolvent -R(A) = (£ — A)^^ is a holomorphic 
map in C\(l, oo) with simple poles in p, 0, and possibly some other eigenvalues in (0, 1). 
In addition, -Ro(-^) = -R(A)P has a continuous and hence holomorphic extension to A = 
and A = — Aq, which is uniformly bounded in each half plane strictly left of p. 



By equation (4.7) the resolvent is uniformly bounded on the weighted spaces if A is in 
the half plane left of —p. Decreasing e if necessary (so that the orthogonal projection Pq, 
along Q' is bounded in the weighted space) we obtain the same statement for Ro{X). Now 
complex interpolation implies 

\\c-'PfU^^<c\\Pf\\^-u 

This implies the desired estimates for s = —1. 
Standard elliptic theory extends this estimate to 

(4.8) \\u\\^s..<C\\{C-X)u\\h^^ 
and 

(4.9) \\u\\pH^+2<C\\iC-X)u\\,H^ 

first to all s > — 1, and then, by duality, to all s G M. The first estimate is the special 
situation when u is constant. 



We conclude with the trivial observation that we may replace (4.6) by 



lim = 0, 



THE QUARTIC KDV EQUATION 



17 



which holds for p{x) = (1 + for all real numbers a, since in that case we may choose 



an equivalent norm which satisfies (4.6). 

□ 

5. Energy Methods for the linearized equation 
We turn to a study of what we call the linear w-problem 

(5.1) I V t^^"^' 

[ u{0,x) = uo, 

where 

Cu = i-dl + l- AQ^)u 

= {-dl + 1 - 10sech2(^x))M. 

We note here that C is the operator that results from linearization of the KdV equation 
about Q when we work in a moving reference frame or in other words make the change of 
variables 

X ^ X — t. 



Indeed, setting ip{x,t) = Q{x — t) + u{x — t,t) and plugging into (1.1), we get 

dtu = -dMu-u + iQ + ^y-Q' + dlQ-Q + Q') 

For reasons that will become clear in the sequel, we also consider the linear w-problem 

vt = C{dccv), 
v{0,x) = Vq. 



(5.2) 



The two equations (5.2) and (5.1) are related in many ways. 

(1) They are dual equations of each other. 

(2) If u satisfies the u equation then v = dxU satisfies the v equation. 

(3) If V satisfies the v equation then u = Cv satisfies the u equation. 

We observe that m = Q' is a solution to the u equation, and hence {v,Q') is preserved 
by the flow for v. In particular orthogonality is preserved by the evolution. Similarly 

V = Q is a. solution to the v equation and {u, Q) is preserved by the u flow. Moreover 
u = aQ' + b{Q + 2tQ') satisfles the u equation for all coefficients a and b. As a consequence 
both equations admit solutions which grow linearly with time. Moreover, if v satisfles the 

V equation then 

j^{v,Q) + 2t{v,Q') = 
and V is orthogonal to Q and Q' provided it is initially. 
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Inspired by a set of ideas collected from Martel-Merle [16] and the references therein, let 



us look at a virial identity for (5.2) given by 



where //(x) will be defined in the sequel. We have 
d f 



2 J rjvdlvdx ~ ^ J V^d^vdx ~^ ^ J vQ^'^^^xVdx 
—2 / rj'vdlvdx — 2 / rjdxvdlvdx + / rjxv'^dx 



-4 / riO^v^dx -12 I r]Q^Q'v^dx. 



As in the work of Martel [T2I, we take 



(5.3) T]{x) = -~ = ^tanh(^'^x 

which is similar to x near and bounded at oo. Note, the sign convention here is chosen 
to match that of (TB]. By direct computation we have 



and 



ri'{x) J \ 3 



(g3^y = -5g3 + 3Q6^ 1^1 < | 
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Proposition 5.1. If v satisfies the v-KdV equation and v _L Q,Q', then there exists some 
C > such that given t] as in (5.3) we have 

f^I,{v) + C\\sech[h)v\\l.<0. 



Proof of Proposition \5.1\ Following the formalism presented above, we see 

3 J {d^vfr]'dx + J [-ri'" + rj' - AiQ^riY] dx. 



Selecting 



we see 



where 



d 
Jt 



w{t,x) = v{t,x)\/rf{x) 



Irj{v) = 3 / (dxw) dx + A{x)w dx 



A{x) 



1 + 



If]'" 3 ft]" 



75 



2 r]' A \ri' 
- 12Q\ 



f]' 



Hence, 



21 

{Cw, w) + — I w^dx 



Since CdxQ = 0, we know that given v = Q, we have 

However, v = Q corresponds directly to w = , which is the ground state or C, which 
has exact eigenvalue — ^. Then, since {Q,Q) 7^ 0, our orthogonality condition 

is enough to guarantee that there exists C > such that 

B{w,w) > C\\w\\'j^i = CW^/rfvWjji, 
which is the desired result. □ 
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We note in the case of more general weight functions 77, virial identity methods are still 
applicable even if perhaps analytic proofs of the virial identities are more challenging. 

By choosing the multiplier 7(f — v^x) with 7 = 7o(x — t) for 70 as in (3.7), we see 

d 



dt 



l{v +v^)dx 



3 / 'y'vldx + / 'y^^^v^dx - / 'j'v^dx 



(5.4) 



+ 4 y -f'Q'Vdx + 12 J -fQ'Qv'dx 
- [[3j'vl + j'vl-j^'^vl]dx+ I A^Q'vldx 



which consists of a number of negative semidefinite terms. All non negative semidefinite 



terms are easily dominated by a multiple of ||f ||^i 



the term in (5.1 ). 



Finally, note that by direct computation 
(5.5) dt{C~^v,v) = Q. 

Now, let us define an energy for the solution v of ( |5.2 ) to be 



(5.6) 



E{v) 



'^{x){v^ + v1)dx + \e f rj{x)v^dx + Ke{C ^v,v), 



where ri{x) is chosen as in (5.3). 

Proposition 5.2. Let us assume v satisfies the v-KdV equation and v 
exist Xe,Ae,S > such that 

(5.7) 

and 

d 



Q,Q'. There 



E(v) ~ \\v"^ 



(5.8) 



Proof. From ( 5.4[ ) and the proof of Proposition 5.1, we see easily one may choose a Ag 
which depends only on 5 and C so that (5.8) holds for all A2 > 0. We choose A^; large 
to achieve E{v) > C"||v||^i. There exists some constant C such that E{v) < C"||w||^i. 
estimates given the orthogonality conditions on f . □ 



The assertions of Proposition (5.2) are robust under suitable perturbations. We turn to 
the analysis of the time dependent problem 

(5-9) vt - {-dl - ^Ql(t)^y(t))dxV = a{t)Qc(tiy(t) + /3(t)Qc(t),j,(t), 

where 

i {V, Qc(t),y{t)) + iy- C^) Q'c{t),yit)'> 



(5.10) 



a{t) 



{Qc{t),y(t),Qc(t),y{t)) 
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(Q'c{t),y{tyQ'c{t),y[t)) 



and 

(5.11) m = 

Here, 

~ 2 ~ 

(5.12) Qc{t),y(t) = 7^Qc{t),y{t) + xQ'c(t),y{t) = c{t)dcQ c(t),y{t)- 

For simplicity of exposition, in the sequel we suppress the t, y dependence and write simply 
Qc(t),y{t) = Qc unless we want to stress the dependence on y{t) respectively on t. Similarly 
we recall 

(5.13) CcV = Cc,yV = -Vxx + C^V - '^QXyV- 

The terms on the right hand side ensure that (f (0), <5c(o) y(o)) ~ ^ implies {v{t), Q'(.{t) y{t)) ~ 
0, and, in addition, (f (0), Qc(o),?/(o)) = implies {v{t),Qc(t),y{t)) = 0. We choose 7(x,t) = 
7o(a; — y{t)) and we prove the following 

Proposition 5.3. There exists a 6, X, A > such that the following is true: Suppose that 

(5.14) \c(t)-l\ + m\ + \y{t)-c\t)\<6 
for all t > and define 

(5.15) E{v) = j 'j{x,t){v'^ + vl)dx + \ j r]i^y(^t)ix)v'^dx + A{C^^y^^-^v,v), 

where we suppress the dependence of E and v on t. Then 

(5.16) E{v) ~ WvWl^, 
for all t > provided 

(5.17) {v,Q'^) = {v,Q,) = 0. 

Moreover, if v satisfies the system consisting of (5.9), ( |5.10 ) and (5.11) and f(.,0) _L 
Qc{o),y{o)7 Q'c{o) y(o) (which implies the orthogonality for allt) we have 

(5.18) jE{v) + 6\\v\\l.^<^. 



l-i' 



Proof Since {v{t),Q'^^^^^y^_^-^) = we have 



2 

H- 



for some C > as seen in (4.5). Here and in the remaining part of this section we use the 
Moore-Penrose inverse, which is by an abuse of notation given the orthogonal projection 
to the complement of Q', followed by an inversion of C on this orthogonal subspace. Let 
us look at a slightly different quantity (where we replace c by 1) given by 
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Then, since {v, Q'^ = {v, Qc) = 0, for |c — 1| small enough we have 

> 2(:7||t.||^_i -C"|c- 

> C\\v\\l.,, 

for some constants C,C' > and 6 < C/C. The properties are similar to the previous 
proposition, but the calculations are more tedious. We consider them to be important for 
the understanding of the linearization. We recall that we suppress the dependence of Q 
and C on y m the notation below. Then, we have 

|(£rV^) = 2(t;,,£rM-i22/(g?g;/:rV^rM + 22/^|r^(g;',,,^ 
= 2/1-12/2 + 2/3, 

where I2 originates from the differentiation of the inverse and /s from the dependence of 
the implicit projection on time. We have 

h = {C,d^v,Cl'v) -c^{d^v,C^'v) +a{Q'„Ci'v) + /3{Q,,C^\), 

{v,Q[) = {v,Q[-Q',) 
by the orthogonality conditions and 

(£rVQc) = (/:rV(^r'-Oa) 

because of the orthogonality conditions and since C~^Qc = Qc- 
Altogether, and applying Lemmas 4J^, we have 

(5.19) 'l^^^'^'^^l ^ ^d^' - 1| + 12/ - 1| + \c\)\\vr^_. , 



which we will control by the virial identity below. 
We now look at virial weights of the form 

5Q\(x — y(t)) 5 ,,3, , ,,, 
3Qi{x - y{t)) 3 2 

which has similar properties to those of r]{x) with appropriate changes for the unit scaling. 
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We have defined v such that 



f ± Qc{t),y(t) 



and 



f (X, t) ± Q'c(t),y(t) 

for all t > 0. Following the formalism presented above and in Martel [I2], select 

w{t^x) = v(t,x)\/rf(x). 

Then, 

-^^vi^) = 3 j{d^wfdx + j A{x)w'^dx~2 j r]i^y {l3{t)Q'^y + a{t)Qc,y) vdx 



+ -c^{y — (?) \ sech^ ( -c[x — y{t)) ] v'^dx H — / sech^ ( -c(x — ) v'^dx 



where 



Hence, 



A{x,t) = 1 + 



1 T]'" 3 ff]" 



|/»>3 



2 r/' 4 V?7' 
{Cw,w) + — / w^fix 



r]' 4 



|2 



From above, we know that for v = Qi,y{t), 



{Cw, w) + — I w'^dx 



0. 



This corresponds to w = Qlyf^^y which is the ground state or Hence, f = Q is the 

ground state of the quadratic form 

_ 21 /■ 

{Cw,w) + — / w'^dx 



From Lemmas |4.1[ our orthogonality condition 

V -L Qc{t),y{t) 

is enough to guarantee there exists 6 > such that 

d 



dt 



provided |c^ — 1^| + |?/ — c^| is small for all t > 0, which follows from our assumptions on 
the initial perturbation. 
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The time dependent version of 

d 
dt 



7(x, t){v'^ + vl)dx 



is done in full generality in the analysis of (3.13) in Section for the Airy equation. The 



terms which we have to control are the same as for constant c and y, plus the terms coming 
from the right hand side. Those are easy to control. Namely, 



[{aQ + PQ')-f - dMaQ' + PQ"))] vdx 



<{\c\ + \y-c'\)\\\v\'h. 



for 7 as in Section [3j 



□ 



Note, above we have always assumed the proper orthogonality conditions, but without 
them we easily obtain the following estimate for solutions of the v equation. 
(5.20) 



vh^mnL^H^ < C ( ||t;(0)||Hi +sup|(f(.,t),Q;^y(j))| + l|(f (., t), Qi,j;(i))||L2([o,oo)) 1 • 



6. Function Spaces and Projection Operators 
In this section we construct the function spaces for our nonlinear analysis using properties 



of the linear evolution we have studied in Sections |3|5j Based on the energy functional (5.6 ) 
for the w-equation, it seems natural to look at 



where 7 = 7o(x) is as in (3.5) and again by convention we set L^X to be the norm in 
time of the X norm in space. 

Then, as follows naturally from the equation, we define 



Generically, we define 



and 



where we note {Y^)* = X 



X' = L'^H' n L^H't^ 



(6.1) 
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6.1. The Scale of Energy Spaces. Let us study the w-equation 

{dt - Cd^)v = fo + v^/i = /, 
f (0,x) = vo, 

where /o G L^H^, fi G L'^L'^~^, Vq G H^. We assume that the orthogonality conditions 

(6.2) vo±Q',vo±Q 
and 

(6.3) (/o + VY/i) ± Q, (/o + v^/i) ± Q' for aU t 
hold. 

Proposition 6.1. There exists a unique solution v G X'^ which satisfies 

||f < c (^llt^oll//" + ll/o + VY/illy) • 

Moreover, v{t) is orthogonal to Q' and Q. 

Note, Theorem [T] is an immediate consequence. 

Proof. We begin by considering the case s = 1. The previous section implies the estimate 

ll^llx- < c {WvoWh- + WfoWmH-)) ■ 

if /i = by a variation of constants argument. We retrace the steps and its modifications 
needed for fi. Using the multipliers from the energy inequalities, we need the obvious 
estimates 



fol{v - v^^)dxdt 



forjvdx dt 



and, using Lemma 4.1 



I'hini.'v - v^^)dxdt 



+ 



+ 



•y'firjv dx dt 



foC vdxdt 



< c\\v\ 



7'/i£ ^vdxdt 



< c||/l||L2||t;||^2^^2 



It is not hard to see that v{t) remains orthogonal to Q' and Q so that we can close the 
argument as in the previous section. We obtain the desired estimate for s = 1: 



I^^IUi < c \\Vo 



+ II/0 + v^/i||yi) 



We denote the solution operator for the inhomogeneous f-problem (w-problem) to be 
{Su) and we write 

(6.4) \\S.J\\x^<c\\ 



yl. 



The role of the two orthogonality conditions are different: The equation is invariant under 
the addition of a multiple of Q to f , and orthogonality to Q' is conserved. Orthogonality 
to Q was needed for the virial identity of Martel-Merle, whereas orthogonality of v and 
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Q' entered the control of the norm by the Moore- Penrose inverse of C Without 
orthogonahty one still obtains (5.20). 

Suppose now that v satisfies 



(6.5) 



vt - Ld^v = f, 
v{x, 0) = Vq. 



Let e be a small constant. We apply (1 + e D ) 2 to both sides of the equation and 
denote f * = (1 + e'^D'^)^v. It satisfies 

vt - Cd^v' = (1 + e^D'^y-^f + [(1 + e^Dy-^AQ'']d.v. 



Hence, applying (5.20) 



<C2 {^\{l+e^D^y'^f\\y. + \\[{l+e^D^Y-^,AQ^]dM\y^ 

+ sup|(^;^Q')| + ||(^;^g)|U2 
t 

and we turn to the commutator term. 

Lemma 6.2. Let G C°^(]R) satisfy |</)| + |</)'| < Ce"!^!. Let k{x,y) be the kernel of the 
operator 

[{l + 6^D')l,<f)]{l + 6^D')-l. 

Then, 

\k{x,y)\ < c£|s|e-(l"l+l^l)/^-l"-^l/(^"). 



(6.6) 



We postpone its proof. By Lemma 6.2 (with = AQ^ and s — 1) and Schur's Lemma 

\\[(l + e'D')'^AQ']d-M\Y^ <\\iy)-H{l + e'D')'^AQ']il + e'D')'^d^,Vs\\L2 



and by Lemma [3. 1[ after rescaling, as for the constant coefficient equation, 

IKl + e^D^)^/!!^. <c||/||y.. 

For all Schwartz functions, 

i|(l + |x|T [il + e'D')l<l>~<l>] h^<Ce. 
If {v, Q) = {v, Q') = 0, then 

(6.7) \{v%Q)\ = \{v,Q) - {v%Q- {l + e'DYlQ)\ < C^h'^/VlU^ 
and 

(6.8) \{v\Q')\ = \{v,Q') - {v\Q' - {l + e'D^)-'^Q')\ < CeWv^h^. 
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Suppose that 

(/,Q') = (/,Q) = o. 

Then we obtain for all s G M from (6.6), (6.7) and (6.8) 

ll^^'IU- < c(||/||y. +e\\v'\\x'S 



< 



and hence 

(6.9) \\v\\xs 
which again implies for solutions v to 

Vt - Cd^v = Pqif, 

given by the variaton of constants formula, the bound 

\\P*v\\xs<C\\f\\Ys 



or, equivalently (recall (1.11)) 

(6.10) \\P*S,P^,\\ys^xs<1. 

Using space-time duality, we consider 

{dt - d^C)u = g, 
u{0,x) = 0. 



The adjoint estimate to (6.10) is 
(6.11) II 



Proof. We turn to the proof of Lemma 6.2 



□ 



Let (f) be the Fourier transform of </>, which, because of the exponential decay extends to 
a holomorphic function is the strip : | Im 2;| < 1}. Moreover there exists C so that 

m + ^aM<C if\a\ < ^. 

This estimate in turn implies exponential decay. Let k{x,y) be the integral kernel of 

[{l + e^D')l,<f)]{l + e^D^)-^^. 

We claim 

(6.12) \Hx,y)\ < c^£|s|e-^(l"l+l^l)e-'^l"-^l/^ 



which implies Lemma 6.2 



The symplectic Fourier transform 



2tt 



k{x, y)dxdy 
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satisfies 

We set a = + 77) /2 and 6 = - 77) /2. Then 



where 



and 



k{x, y) ={271)-' J e'^^^-y^^mi + v)/2, - v)m)didv 

=:2£:5(((a; -!/)/£, x + y). 

The function g expands to a holomorphic function in a to the strip {z : | Im z\ < 1/2} if 
s\ Im b\ < \. Clearly, 

1 + (a + ebf , 4(56)2 , , a-eb 

= 1 + ^ . + 456: 



1 + (a -56)2 i + (a_e5)2 i + - eby' 

and hence we define the error term h by the right hand side of 

^ ^ * -l = 2seb- — :-T + h{eb,a). 



l + {eb-a)y l + (£6-a)2 

It satisfies 

\h{eb,a)\ <cs^e^\b\\l + \eb-a\)-^, 

if |£ Im 6 + a| < |. Hence, 



gi(a«+M/i(£ft^ a)4>{2b)dadb 



< cs2£2e-i(|.|+l-l) 



by the extension of a and 6 to a suitable complex strip. The leading term contributing to 
g can be calculated: 

go{v,w) ={27r)-' [ e^(-+''-)— ^^^^60(26)dad6 
J 1 + [a — eby 



V 

=i-r—re I e 
\v\ 



\v\ i i{b(w+£V 



H^{2b)db 



=V^2i^e-l^l0'((«; + £^;)/2)). 

\v\ 
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The leading term for k is 

Ux,y) = v^22e^^e-l"-^l/^0'(a;). 
\x - y\ 

This completes the proof. □ 

6.2. U and V Space Estimates. In this section, we generalize and improve Theorem 
[T] using the and spaces as defined in [6j and in the Appendix |Aj For notational 
simplicity, let us define 

TTP — TjP yp — yP 
— ^ KdV^ ^ ~ ^KdV 

We begin with a number of estimates which we will use often in the sequel. 
Let c,y E satisfy (5.14) and let 

7(x,t) = 7o(x 

Then, 
hence 

\\PQ'Pf\\DU-+L'^VYH-^ < UWdU- + II(/,Q)I|lHL1 + \\{f,Q')\\L-+L^- 

We consider 

m + w^^^ = /, w{o) = uq. 

Then, 

and, since U'^ C L'^H^r-r, 

\\{w,Q)\\L. + \\{w,Q)\\L2<\\f\\nu^ + \\uo\\L^. 
Hence, with v = PP^w, we have 

II^IIl2hV ~ WfllDU^ + Ikolka- 

We calculate 

id, + dX) ( + ^^Q') J-^^Q + iy- ^)^^Q" 
V(Q,Q) {Q',Q') } ci^Q.Q) {Q',Q') 

+ [( • _ ^2 A'W^Q) c {w,Q') 

-aQ- /3Q', 

where a and (3 are the time derivatives of the coefficients of Q and Q' and 

Q = (x-y)Q' + ^Q. 



Q' 
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Hence, assuming that Uq satisfies the orthogonahty conditions, that w and v are as above, 
and with g defined through the previous calculations, 

(6.13) dtv + c^Vx - d^CcyV = aQ + (3Q' + g + f, v{0) = uq, 

where we collect the properties of v and g in the following 



Lemma 6.3. Assuming (5.14), we have {v{t),Q) = {v{t),Q') = and 

(6.14) \\v\\y2r,L2H^^ + WgWl^VYH-^ ^ I|wo||l2 + UWdU^ + \\{f,Q)\\L^+L^ + ||(/,(5')||l2+L1- 

Proof. We claim that 



a||Li+L2 + ||p|Ui+L2 < c(||w;o||l2 + WjWdu 



the proof of which we postpone. Assuming its validity we put the term 4:dxQv in (6.13) on 
the right hand side. We bound ||f ||v2 in terms of ||wo||l2 and the right hand side in DV^. 
Since DU^ C DV^ and L'^^/^H^^ d DV"^ we can control all terms on the right hand side. 

The only missing piece is the + bound for a and /3. There are two different 
arguments: either we can follow the calculation above and calculate a and /3 above, or we 
can test by Q and Q' and use orthogonality to obtain the standard equations for a and (5. 
We use the first approach and recall the calculations after ( |1.10[ ). Then 

^{w, Q) =(/, Q) + y{w, Q') + -{w, Q), 

(6.15) J ^. 

-{w,Q')={f,Q')+y{w,Q") + -{w,Q'). 
at c 

There is one more term entering the coefficient of Q' coming from applying the linear 
operator to Q, which gives 

{Q,Q) 

All these terms are easily controlled. □ 

We return to the analysis of the time dependent v-problem 

(6.16) vt + c^Cx - Cd^v = a{t)Qc(t),y(t) + Pit)Q'c{t),y{t) + 
where 

(6.17) a{t) = 



and 

(6.18) m 



\{v,Qc{t),yit)) + {y - C^){v.Q',i^t),y{t)) _ {QJ) 
{Q c{t),y{t),Qc{t),y(t) ) {Q,Q) 

^Q'c{t),y{ty Q'c{t),y{t)) (Q'^ Q') 
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with the initial data v{x, 0) = Vq{x) orthogonal to Q and Q'. Then also v{t) satisfies these 
orthogonality conditions. We combine the arguments of the previous subsection with those 
of Proposition 5.3| and obtain 



Lemma 6.4. Suppose that (5.14) holds. There exists a unique solution v to (6.16) and 
(6.17) and (6.18) which satisfies 

\\{Dy v\\xonv^ <c{\\vo\\h^ + \\{Dy fWyo+DV^) ■ 
Moreover v{t) is orthogonal to Q' and Q. 

Proof. We begin with s = 0. We write f = fu + fv with fu G DU"^ and /y G Let v be 
defined with f = fu as in Lemma 6^, It satisfies 

||^^||y2nxo < C{\\fu\\DU^ + ||mo||l2)- 

Let us take v = v + w, where w satisfies 

wt + - d^Cw = aQ + (3Q' + fy + g, w(0) = 0, 



|mo||l2- 



with g as in Lemma 6^ and by Lemma |6.4| 

We put the term AdxiQ^w) to the right hand side, which we easily control in as well as 
a and fi and we arrive at 



(6.19) hWv^nx^^ < C(||t;o|U2 + WfWyo+DU^ + \\{f,Q)\\L'^+L^ + ||(/,g')||L2+Li; 

The case of general s follows by the same arguments as above. 

Our main interest will be in similar estimates for the u problem below. 
We consider the u equations 



□ 



(6.20) 



ut + c^u^ - d^{Cc,yu) = aQ + I3Q' + f, 



with initial data u{0) = Uq which satisfies {uq, Q) = {uq, Q') = 0, together with the modal 
equations 



(6.21) 
and 
(6.22) 



a{t) 



{u,Q) + {f,Q) 

{Q,Q) 



m 



{ij - c2) (n, Q") + I {u, Q') + {u, CQ,,) + (/, Q') 



{Q',Q') 

which again ensures the orthogonality of u{t) with Q and Q'. 



We obtain first the analog of Lemma 6.4 
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Lemma 6.5. Suppose that (|5.14|) holds. There exists a unique solution u to (6.20), (6.21) 

\YO+DV^) ■ 



and (6.22) which satisfies 



\\u\\xor\m < c(||uo||l2 + 
Moreover, u{t) is orthogonal to Q' and Q. 

It is not difficult to construct solutions, however we are interested in global estimates. 
Moreover we may restrict to a finite time interval and assume that all the data as well as 
u are smooth and decay at infinity. 

We set V = Cu. It satisfies the orthogonality conditions 



{v,Q') = Q= {u,Q) = {C-\,Q) = {v,Q). 



Moreover, v satisfies 



,c ~ 



vt + c'v, - Cd^v = -2c'aQ + 12Q\-Q + {y - c')Q')u + Cf 

c 



and we may apply Lemma [6.4| with s = —2: 

\\v\\x-^ < wcumiH-^ + wmv-- + i\-\ + \y- c'i)ikiL.(^-3 ). 



We apply Lemma 4.1 several times to get 



yo 



sup(|-| ^\y- c^|)||m||x-i- 



To complete the proof we observe that by (5.14) we may subtract the last term on the right 
hand side from both sides to arrive at the desired estimate. The inclusion of V"^ and DV^ 
works now exactly as for the v equation. 

We collect the results for the case s = 0, which is the only estimate we will need later 



on. 



Proposition 6.6. Suppose that (5.14) holds. There exists a unique solution v to (6.16), 
(6.17) and (6.18) which satisfies 

||^^||y2nxo < c(||t;o||L2 + ll/llw^+yo) • 



Moreover, v{t) is orthogonal to Q' and Q. Similarly there is a unique solution u to (6.20), 
(6.21) and (6.22) which satisfies 

ll^^lly^nxo < c (||mo||l2 + ll/lbt/^+yo) . 
Moreover, u{t) is orthogonal to Q' and Q. 
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6.3. Littlewood-Paley Decomposition. We consider functions c and y satisfying (5.14) 
We set A G Ao = 1.01^ and Px the Littlewood-Paley decomposition with Fourier multipliers 
supported in : 1.01"^ < |C| < I.OIA} if A > 1 and {i : |^| < 1} if A = 0. Then, we 
denote 

Ux = P\u. 

The Besov spaces are defined as the set of all tempered distributions for which the norm 

ll^lls^'" = ll'^1K'A||Lp|b,(Ao) 

is finite. Here s G M and 1 < g < oo. Similarly we define the homogeneous spaces -B^'^ 
with the summation over A = 1.01^, where the frequency A = 1 plays no special role. There 
is an ambiguity about the meaning of Wq, which differs depending on whether we consider 
B^'^ or the homogeneous space -B^'^. 

We define the spaces and using the norms 

WAxg, = sup X'\\ux\\v^nxo, ||/||y^ = sup A''||/A||DC/2+yo. 
AeAo AeAo 

The homogeneous spaces and are defined in the same way as the homogeneous 
Besov space B^'^ with A = 1.01^, though with a slight modification for s < in the Y 
spaces due to the p multiplier. Namely, we take 

ll^llx^ =SUp(A^||MA||y2nxo) , 

°° aga 

(6.23) / X 

= mf sup A"* II /a II DC/2 + sup X^WoxWyo), 

°° F=f+9 V ASA AeAo ^ 

where there is a slight abuse of notation as the operators in /o and go are taking on two 
different meanings: The homogeneous projection for /o and the inhomogeneous projection 
for go. 

We study 



(6.24) 



ut + u^ + d^Cu = aQ + f3Q^ + f + d^{pg), 
u{x,0) = 0, 



where a is given by (6.21) and P by (6.22). As a first step we obtain a weighted bound 
for u in (6.25) below. 

Let f = + f~ and g = g^ + g^ he a. decomposition into high (|,^| > 1) and low 
< 1) frequencies. We define 

vt + - Cv^ = a+Q + + {d-^f+ + pg+), 
v(a;,0) = 0, 



where 



(Q, Q)a+ = (c^ - y) {v, Q') ~-{v,Q)- {d'^ ^ + P9^ . Q) , 

c 
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(Q',Q')/3+ = {^~y){v.Q") - -{v,Q') + {f^ + d,ipg+),Q) 

c 

ensure P*Pq,v = 0. Then by Proposition (6.6) 

ll^llxo < Wd^'f^ + pg-'WDu'^+YO < \\F+\\y^ < \\F\\y^, 
where the second inequahty holds for all s > — 1. 
As a simple consequence, we obtain 

WPq'O^vWl^l^^ < \\F\\ys 
and compute similar to arguments above 



dt {Q 



We make the ansatz u = Pq/d^v + m_ and observe that {d^v, Q) = by construction. 
Then, 



aQ + PQ' + f- + d.Ap9-) 

c {v,Q') {r + d,{pg+),Q) 



+ 



^ {Q',Q')c' 



c{Q',Q') {Q\Q') 

where a and /3 ensure orthogonality. Later we will need the obvious identity (integrate by 
parts in the second term) 



Then, u = d^PqiV + m_ and hence with = + dxpg^ we have 
(6.25) Ml^li < \\F\\ys + \\{F,Q)\\l2^l^ + \\{F+ ,Q}\\l2+l^. 



By (6.21 ) we see 
(6.26) 



and, using (5.14) 
(6.27) 



< \\c\\L^nL^{\\F\\Ys + \\{F,Q)\\l2+l^) + ||(F,Q)|Ui 



Ml^<\\F\\ys + \\{F,Q)\\l2 



and by ( |6.22D 

(6.28) m\L^<\\F\\Y^ + \\{F,Q')\\L2. 

We turn to the frequency localized equation 

Mt + (uxU. = -Pxd.iAQ^u) + aPxQ + PPxQ. + Pxf + Pxd.ipg), 

u^{x,0) = 0. 
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Observe that by using first the boundednessr of Fourier multipliers on U"^, DV^ and the 
dual of the embedding C L'^Hj^, then 

\\Pxd,{AQ\)\\nv^ < X\\Q'u\\dv^ < X\\QM\l^l^ < ^(lli^lly^ + Q)|U2+ii). 
If A > 1, then by Lemma 3.1| 

\\[Pxd^,Q^]u\\L2L2 < \\u\\l2l2. 

Repeating these estimates for the term containing g and using the estimates of the previous 
section we obtain for A < 1, 

hxWv^nL^m, < + A + II (F,g) 11^2+^1 + 11 (F+,g) 11^2+^1) +A^||a|Ui, 



smce 



l"<5IL .-^2 < l|tt|Ui 



and, for A > 1, 

IkAlkw/fi < \\fx\\DU^H9x\\v^HnY^ + UF,Q)\\LW + \\{F^,Q)\\L2+L^ + \\{F,Q')\\LW- 

As a result, we arrive at the following key 



Proposition 6.7. Suppose (5.14) holds for some small S, that —1/2 < s < 0, F E and 

ut + n^-xx + 4:d^{Q^u) =aQ + (3Q^ + F, 
m(x,0) = 0, 



where a and (3 are defined in (|6.21|) and (|6.22|). Then, 



\u\ 



< \\F\\y. + ||(F,Q)|Ui + ||(F,g')IU^+Li + ||(F,g+)|U2+^i. 



This result will play a large role in the nonlinear analysis required to prove asymptotic 
stability. 

. _i 

For future use, we denote by L^, ^ etc the function spaces on the space time set 

. _ 1 

/ X M, and specifically we set L^, X^^j, for I = (0,T). All previous constructions carry 
over to finite time intervals. 

7. Local Well-posedness for the Quartic KdV Equation 

In this section we study local well-posedness for the quartic generalized KdV equation 

dtip - dxxxi^ - {'tp^)x = 0, 



(7 ly 

Let V be the solution to the Airy equation with the same initial data. 

Vt + Vxxx = 0, 



(7.2) 



f (0, x) = ipoix 
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The main local wellposedness is the contents of the next 

Theorem 4. Let tq > 0. There exist eo, 5o > such that, if < T < oo, 

(7.3) ll^olL-j,. <ro 

and 

(7.4) sup ||t;A|U6([o,T],iR) < So, 

A 

then there is a unique solution ip = v + w with 

Moreover, the function w ( and hence ip ) depends analytically on the initial data. 



By the Strichartz estimates for linear KdV (see also (7.5) and (7.6) below), given v as in 



(7.2 ) we have 



sup \\vx\\l(^ < i^oPW . _i , 

A 

and by the definition of the spaces 



1 < f^i 11^(0)11 1,2 + \\dtv + d^^^vW 1 



Hence, we obtain global existence from Theorem |4] for ( |7.1 ) if 



r S(l) , 

_i 2 < mmn, \, 

Bj^'^ - ^ (ko^i)^ 

where 5(1) is the 5 (which depends on tq) evaluated at tq = 1. 

In any case, if condition ( |7.4[ ) is satisfied for T = oo, then, since ipx G V"^, e^^'^'^'^ipx is of 
bounded 2- variation with values in (see Appendix [A|, and hence it has a limit in as 
t — 7- oo . This implies that Ylx liKit-s>oo e^^'^'^^^ipx ='■ S{iPq) exists and is the scattering state. 

If in addition ipo is in the closure of in -Boo"' , then we may exchange the summation 
and limit. 

Under the same assumptions we can solve the initial value problem with initial data 
il>o{T) = e~'^^"'^^'i/'0! which, by an easy limit as T — )■ oo, gives the inverse of the map 5*. We 
will later see similar constructions for perturbation of the soliton. 

• --,2 

It is not hard to see that if ipQ is in the closure of in i?oo''' , then we can achieve 



condition (7.4) by choosing T small. This implies local existence with smooth dependence 
on initial data. Moreover, since we obtain smooth dependence on the initial data, if we have 
any global solution -^(t) in the closure of and perturb the initial data by an amount e, 
we obtain a solution at least with a life span 

T = —cine 
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by easy perturbation arguments. In particular, if the initial datum lies in an e neighborhood 
of a soliton, then the solution exists at least until time ~ |ln£:| and remains in a small 
neighborhood until that time. 

Before turning to the proof we remark that in this section we work with the weaker 
norms 

||m|L-i = sup A^ellMAllyz 



and 



A 



On the other hand, since the results remain trivially true for the original definition of the 
spaces we keep the notation. 

Proof. First, we recall some estimates for u G Uj^^y. Let = m(^, ^ — ^i). Then 

(7.5) ll'wili.eie < II |D|~6M(0)||i2 (L Strichartz Estimate), 



(7.6) 

II / m(e,ei)ie?-(e-6)¥^i(ei)«2(e-ei)c^eiiiL^ 

Jr 



l^(C,Ci)P 

< sup ^ rll^i(0)IU2||M2(0)||L2 (Bilinear Estimate). 

le?- (e-6)'|5 

The bilinear estimate is a variant of standard estimates as in Griinrock [5]. The most 
important choice is m = |^^ — — ^i)^h- 

Let m{^,C,i) be a function which satisfies m{^,^ — ^i) = m{^,^i). Then, 



|2 

Il2 



J m(e,ei)e^*^«'+(«-«^)')rfeii 

mi^, ^i)mi^, r/i)e^**«'-««^-''?+«''^)^(6)^(6)^(e - Vi)u{Vi)dtd^idVidi 
|m(^,?7i)P 



H - - 

- (e - 6)^ 



W{Vi)\ \u{^~Vi)\ d^dr]i 



^ II ||2 II ||2 

^s^P T72 77 ^T^II«iIIl2|F2||l2 



smce 

-2 t2t (■„2 I (-2 



0(6) = - e^i - ^vt + evi = m - vim +vi-o 

vanishes if = rji or = ^ — 771 and 

(p'iVi) = e(2r7i - = - - ^1)), 0'(e - ^1) = m - Vi) - 6). 
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These results immediately imply (see Appendix |A] for more information) for A > 
the estimates 



(7.7) \\ux\\l%<\-^\\ux\ 



(7-8) \\uxuJl-^<\ ^\\ux\\u2\\u^\\u2. 

By interpolating the bilinear estimate and the Strichartz estimate, if 2 < p < 3, 

(7-9) WuxuJl^^ < \' {f^'^^^)^\\ux\\u^\\Uf,\\u^ 

and, if p « /i ~ A, 

(7-10) \\iuxu^)p\\Li < X''^p''^\\ux\\u^\\uJu2. 

Interpolating once again, we have 

1 111 3p~6 

(7-11) \\{uxUf,)p\\LP^ < X-^p-^{X-^p^) p \\ux\\u^\\Uf,\\u^- 

We proceed with a standard fixed point argument, which requires bounds on the nonlin- 
earity. The solution ^ = t> + w is constructed by studying 

wt + w^^^ + {v + w)l = 0, 
w{0) = 0, 



(7.12) 
where again 



'5 



vt + t^xxx = 0, 
v{0) = ^0- 

Then, the key estimate is contained in the following 

. _i 

Lemma 7.1. There exists r > independent of T such that given Vk G t /^'^ ^ 
1, 2, 3, 4 we have 

4 

(7-13) \\dx{viV2V^Vi)\\ 1 <rJJ||t;fc|| 1, 



and, withv, w defined by (7.2) and (7.12) respectively 



(7-14) 11(9^?; u;)|| 1 < rsup||t;A|U6||^o|| „i i . 

'oo,T X -Boo "^oo.T 

We apply these estimates to f ^ + Av^w + Gv'^w'^ + ivw^ + w"^. Either we may choose to 
estimate one factor v in or the dependence on w is at least quadratic. Suppose that 
\\w\\ 1 < a. We obtain 

\\d^{v + wYW . _i < 6r{KlSrl + nldprl + nlrlp^ + KiTqP^ + yU^). 



THE QUARTIC KDV EQUATION 39 

If /X < KiTq, then the right hand side is bounded by 
Suppose that 

1 



(7-15) /i < min ^ K,r„ 



and 



(7-16) 5 < , . 

If w solves 

wt + Wxzz + {y + W)l = 0, 

w(0) = 

and \\W\\ . _i < /i, then w exists and satisfies . _i < /x. 

Standard arguments then allow one to construct a unique solution satisfying the con- 
traction assumption, possibly after decreasing /i by an absolute multiplicative factor. □ 



It remains to prove Lemma |7.1[ By duality, it suffices to verify 
A 

and 



f 1 ^ 

/ viV2V3V4Uxdx dt < CX^WuxWv^YY 

^ 1 — 1 



k=l 



A 



v^wu\ dx dt 



< CAs ||ma||i/2 sup ||t;^||L6 ( supyu •5||i;^||^2) ._i 



-'tJ-WL" \ •Ju-h' /-^ II '-'A* I 

where u\ G V"^ is frequency localized at frequency A. 

By summation, the statement of the lemma holds provided we can prove the following 

Lemma 7.2. We have for Ai < A2 ~ A3 ~ A5 ~ A5 and £ > 



(7-17) A5 I Vi^x^V2MV3,X3V4,X4V5Mdxdt < XJ^X -e f^^\ 



e 5 

\\VkM\\V 

k=l 

and 

1 



Xmax I Vx^Vx^Vx^Ux^Wx^dxdt < 

(7.18) 



Xmin \ I AjTiaa; 



e 



^max / V Amiri 

X sup ||W/,||l6 I supyU"^||?;/,||[/2 1 ||uA4||y2||wA5||y2, 



where Xmax respectively Xmin is the maximal or the minimal Xj and A^^^ is the product of 
the second, third and fourth largest Xj. 
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Proof. We claim that 
(7.19) 



provided 



< C''^mLll'^l,Ai||[/2|l^2,A2||;72|l^3,A3llL6|l^4,A4||L6|l^5,A5lU6 



(7.20) |Ai — A2I > — Amax- 

This estimate is a consequence of Holder's inequality and the bilinear estimate (7.6). We 
recall that 

In order to obtain a nontrivial integral there have to be elements in the support of the 
Fourier transforms which add up to zero. Unless there is at least one pair of {\j,Xk) 



satisfying (7.20), the integral is zero. Hence, we would obtain (7.17) if we were allowed to 
replace the V'^ norms there by U'^ norms for the first two factors. Observe that we may 
reorganize the factors as we wish. 

Let us assume Ai < A2 < A3 < A4 < A5. We consider first the case when A4 < l.OSAi. 
Then, if there are elements in the support of the truncations on the Fourier side adding up 
to zero - otherwise the integral vanishes - either 

0.8^ < Ai < A4 < l.lAi < 1.2^ 

or 

0.6y < Ai < A4 < l.lAi < 1.4y. 

In this case we can replace the norms by norms as follows. We decompose into 
low and high modulation 



where Vj is defined by the Fourier multiplier projecting to |r — < A5/IOOO. Then, we 
have 

ll4Ajlv'^ + ll^i,A,lk2<ll^.,A,lk2 

and 

, _3 

We refer to Appendix A and |6] for more information. 

We expand the product. The integral over the product of the five Vj^^ vanishes because 
of the support of the Fourier transforms. Hence at least one term has high modulation. 
We estimate it in L^, put another term into L°° and the others into using Holder's 
inequality. We estimate the L°° norm through energy and Bernstein's inequality. 
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Hence 
(7.21) 



A2^3,A3^4,A4^^5,A5 dt 



which imphes the desired estimate. 

It remains to study Ai < A2 < A3 < A4 < A5, A4 > l.OSAi. The most difficult case is 
A5 < I.O2A2 since otherwise we apply two stronger bilinear estimates. For simplicity we 
consider Ai << A where A2 = A5 = A. We have to bound 



Yl^j,xMj)d^2d^5dt 



with ^1 = — X]j=2 0- restrict the integration to ^^^=2 ^ Ai and ~ A. By 

symmetry it suffices to consider 



X||^3|-|6lhAi n ^j,xMj)dC2dC5dt. 



We choose e > small, p,q so that 1/p = (1 - s)/2 + e/3, 1/q = e/2 + (1 - s)/3. By 
Holder's inequality 



Vi,Xi {v2,xV3^\)xiV4,xV5^\ dx dt 



<A-i(AiAr^rA-iA-^(A^AD^-A3^nil^^-Aj^-. 

3 

<A-i(AiA-^rniKAj^¥- 



For the second part we would like to put one v term into L^, and up to 2 into U"^. This 
can be easily be done if there are two frequencies of v which differ by a small constant times 
Xmax- If not it is not hard to see that in the argument above we can put one term into L^. 

□ 



7.1. Variants and Extensions of Well-posedness for the Quartic KdV Equation. 

The arguments of the last sections have implications for wcll-posedness questions in other 
function spaces. Given oj G C^((0,oo), (0, 00)), 1 < p < 00 and T G (0, 00] we define the 
function space -^^t ^ ^^t of all distributions for which the norm 

(7.22) \\ur^.^Y.^u:{\)\\u^\\y.Y, 

X 

with obvious modifications if p = 00 is finite. We will always assume that 

\uj'\ 

(7.23) sup J — ^ < 00 
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and 
(7.24) 

This is a Banach space provided for some C > we have 



mf — > -1. 



(7.25) 



hminf uj{X)\^ > C, 



otherwise we obtain a Banach space of equivalence classes of functions. Similarly, we define 
the Banach space 



(7.26) 



j2i^mfx\\Du^r- 



The definition of -B^ follows the same pattern. It is not hard to see that 



ufdxdt < \\u\\x^^\\j iiy.-i 

p',T 



and 



y^-l < sup 

P'-T <1 



ufdxdt. 



Moreover, we may expand the inner product into dyadic pieces and apply uniformly elliptic 
pseudodifferential operators to the pieces. In particular, we may replace differentiation by 
multiplication on the dyadic pieces and vice versa. 



Proposition 7.3. The following estimate holds 
(7.27) 



dxiu )||y" < Csup ||ma||l6||m|| ._i 

^ ^oo.T 



Proof. Given v G X^it^ we expand / dx{u'^)vdxdt into dyadic pieces, to which we apply 

By symmetry 

ux^ux^ux^^ux^vx^dx dt . 



the arguments and estimate (|7.18|) from the previous section. By symmetry 

A5 



^Asl / ux^ux^ux^ux^vxrjxdt < ^ A5 / 



Ai<A2<A3<A4,A5 



If A5 ~ A4 we obtain 

Ai<A2<A3<A4~A5 



/ ux^ux^uxsUx^vx.dx dt\ <snp \\u^\\lJ sup fi ^\u^\\u2 

e 



Ai 



FA4|k2||-UA5||v2, 



which is bounded by 



SUp||M^||i6 SUp/i ^\\U^\\ij2 \ \\U\\x^ \\V\\ -^. 



THE QUARTIC KDV EQUATION 



43 



The other extreme is 

A5<Ai<A2<A3~A4 



UXiUx.,UXaUx^VXr,dxdt\ <sup||n^||L6 sup/i 6|kMllc/2 



A5<Ai<A2<A3~A4 

which satisfies the same estimate provided 



\UXa\\v2\\VX5\\V^, 



X<fj. 



However, this is ensured by (7.24). The remaining cases are similar and the result follows. 

□ 

From Proposition 7.3, we can prove the following corollary to Theorem |4j 



Corollary 7.4. Suppose that u satifies ( |7.23D , ( |7.24D and ( |7.25D . If i^o G BoJ"' n B^'"^ is 
the initial data for a solution of (7.1) and v satisfies (7.4), then the solution ip of Theorem 
is in Xp^rp and satisfies 

In addition, we can show the following 

. _ 1 

Corollary 7.5. Suppose that ipo lies in the closure of in -Bq^V- Then, it follows that 

(t^^(t)) GC([0,T],i?oo^''). 

If T = oo, then e*^^^^'?/' converges to the scattering data as t oo in B^^j,. Moreover, if 
in addition ipQ & L'^, then 

(t^^(t))eC([o,r],L2) 

and e*^^^^?/' converges also in L^. 

There exists u satisfying the assumptions above, a;(A)A~s — ?■ oo as A — ?■ oo and A — )■ 
and ||'i/'o|Ib^'2 < oo. By corollary 7.4 the j. is controlled by the initial data. Hence 

A"« ||^A||z)y2nxo 

as A — 7- oo or A —7- 0. By the previous argument the deviation of the solution to the linear 
solution tends to zero as the considered interval shrinks to zero. This implies continuity. 
Continuity at infinity always holds in V^. 



The second part requires an obvious specialization of corollary |7.4| to the case u = 1, 
Plus a repetition of the argument for scattering. 
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Particular examples for uj are (A)'^ for s > — | and A'^ + A°" for — ^ < s < — | < a. It is 
not hard to see that we can replace the homogeneous spaces by inhomogeneous ones if we 
restrict to finite T and allow the constants to depend on T. 



8. Stability and Scattering for Perturbations of the Soliton 



8.1. Setup and main result. We return now to the full nonlinear problem (7.1). Let us 

take 

^p{x,t) = Qc{t){x -y{t)) +w{x,t). 

Then, we have 

dtw + + ^Qlw) = - c{d,Q,){x -y) + y{Q'c){^ - v) 



dMQc - c^Qc + Ql) - c\Q',{x - y)) 

2/„ „A„..2 I ^r^ !^ „.\„..3 , „,,4\ 



d^{<oQi{x - y)w' + 4Q,{x - y)w' + w^). 



Hence, 



c ~ 



dtw + d^id^^w + 4Q>) = - -Q,{x - y) + {y - c')Q'^{x - y) 



- d^{<oQl{x - y)w^ + 4Q,(x - y)w^ + w^) 
In order to use the dispersive estimates proved in Section [6} we wish to have 
(8.2) w^Qc{x-y), w^Q',{x-y). 



To get more regularity for y and c we ask for (8.2) only asymptotically and hence take 
as in (1.15) and (1.16) the modal equations 

(8.3) ^(QcQc) = {w.Qc) 
and 

(8.4) {y-c'){Q',,Q[) = -K{w,Q[), 

where k > is taken to be large. 

We calculate 

d c ~ 

— = {wt,Q) +y{w,Q') + -{w,Q) 

= {w, CQ') - - (Q, Q) + {QQ^w^ + AQw^ + w\ Q') 
c 

+{y-^){w,Q') + -{w,Q) 
c 
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and 

d c ~ 

— {w,Q') = {wt,Q') +y{w,Q") + -{w,Q') 
at c 

= {w, CQ") + {y- c^) iQ', Q') + {QQW + AQw^ + w\ Q") 

c 

Hence, 

(8.5) j^{w, Q) + {w, Q) = - ^""^Q^Qf^ + (6Q^^^ + 4Q^^ + ^^ Q') 
and 

(8.6) |{ui,Q') + k{w,Q') - {w,£Q") = 

The right hand sides are at least quadratic in w, and, as we shall see, small compared to 
||wo|| in a suitable sense. As a consequence the orthogonality conditions are approximately 
satisfied for large t. In addition, c and ij — are small and continuous. 

We study the initial value problem w(0) = wq. Let again v be the solution to the linear 

problem. We will prove scattering for small perturbations of the soliton in -Boo^' • It will 
be important for the reverse problem that we will achieve something slightly stronger. 

Using the notation 



^•7) r = |y e C([0, oo)) : y(0) = 0, - 1| < ^} 



we define for any interval, /, the quantity 
(8.8) 



Ji{v) = s\yg(\\vx\\L^ + \^^ e II^aIImloo + sup A s / '-/'^{x - y{t)){vl + {d^vxf)dxdt] 



Proposition 8.1. Let v he a solution of (3.1) with initial data Vq E Boo^'' . Then, 



J[0,oo){v) < \\Vo 



_ 1 

i,2 



Moreover, if vq is in the closure of in Boo^ ' then 

lim J[t,oo){v) = 0. 



Proof. The first statement is an immediate consequence of the Strichartz estimate and local 
smoothing. For the second statement we fix e > 0. There are at most finitely many wo,a 
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of norm larger than ejc. Hence it suffices to verify the statement for a single A. Since 
vx G L^L^ and we have 



lim ||t;A||L6( 



ix(t,oo)) 



lim ||wa||l4 = 0. 



Let / be a bounded interval. Then the map 



r ^ A 



X/ 



^'^,ix-yit)){vl + {d^vx)^)dxdt 



is continuous with respect to uniform convergence, hence it assumes its maximum. Given 
j > 1, let yj : p-' , 2-'+^] — )■ M be the path for which this quantity is maximal. We choose 
two paths yo,ye with 7(0) = and the difference between 1 and the derivative at most .2, 
one which coincides with yj for j even on the corresponding intervals, and one which does 
so for j odd. For both paths we have the local smoothing estimate. But this implies the 
claim. □ 

Let ?/ G r. The function spaces X^.j, and Y^.rp depend on y but not on c. This 
dependence is not reflected in the notation. In addition, let c G C^([0,oo)). We assume 



(5.14), c G L and y — c E L in this section, which we have to verify for the solutions 



we study, and turn to a study of a priori estimates for solutions to (8.1), (8.3) and (8.4) 
and recall (8.5) and ( 8.6[ ). Because of translation and scaling invariance we may restrict 
ourselves to a study for y{0) = and c(0) = 1. Moreover, we may and do assume that the 
orthogonality conditions hold at time 0, i.e. 

{wo,Q) = {wq,Q') = 0. 

The main result is the following sharpened version of Theorem |2] 

Proposition 8.2. Let C > 0. There exist e > and K > such that for \\wo\\ ._i 2 < C 
and J[o,T){v) < e for v a solution of (|3.1|) with initial data wq, the solution w in the system 



of equations (1.15) - (1.14) satisfies (5.14), 



\w\\ 1 < KJ^irp. 

I ii^-B - [o,r) 



with K depending on C hut not on time. Moreover, if J(o^od){v) < e then there exists a 
• --,2 

unique r] G -Boo''' such that 
with convergence in L^. In addition 



lim e 



^wx{t) = rjx, 



lim \\w 



t—>-oo 



B \ 

00 , 1 



1 



Remark 8.1. Variants in the spirit of Corollary |7.4| can be easily obtained by including 
the arguments there, which will establish Theorems [2] and [3] with higher Sobolev regularity 
as stated in Remark II. II 
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The proof consists of three step, a prehminary part consisting of an important initial- 
ization, muhihnear estimates that are less critical variants of those of the last section, 
and a priori estimates for the nonlinear equation using the multilinear estimates and the 
linearized equation. 

We recall that v satisfies Vt + Vxxx = with initial data f (0) = wq. We want to control 
the difference between v and the solution u to 

ut + c^dxi' — dxCu = aQ + j3Q' 

with initial data z/(0) = wq with a and P ensuring 

{u,Q) = {u,Q') = 0, 



which we assume to hold initially. We recall that (5.14) is a standing assumption. 
For simplicity, let us define 

J = J[o,oo){v)- 

The following result is the first step of the proof. 

Lemma 8.3. Suppose that wq G Boo^' satisfies the orthogonality conditions. Then 



I 11^ 5 ~ II Ull . 5,2 



and 



Proof. The first bound on z/ is an immediate consequence of Proposition 6.7 The second 



statement is more delicate. As a first step we consider u = PP v. It satisfies 

(8.10) sup (^||ma||l6 + A"5 + l||uA||L4icx> + A'5||uA||L2^ij < J, 

since 

\\{v,Q)\\L2nL<i + \\{v,Q')\\L^nL6 < J. 

We calculate 

(8.11) dtu + c^Ux - dxCc,yU = G, u{0) = wq, 
where 

—-'<«^"'- (IS) 

%{dt + c'dx - dxC)Q - 1^(5, + c^dx - dxC)Q'. 



{Q,Qy ' {Q'.Q') 
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We consider the terms separately. Any derivative falling on (Q, Q) or (Q', Q') can be 
computed using (4.2) and (4.3), yielding a factor ^. Next, 

^{v, Q) = {dtv + cV, Q) + (c^ - y){v, Q') + -{v, Q) = -{Qt, v) + (c^ - y){v, Q') + -{v, Q) 
at c c 

and 

4 (t^, Q') = + c'v\ Q') + (c^ - (t;, Q") + -{v, Q') 
at c 

= - {v,CQ")-4{Q'Q",v) + {c'-y){v,Q") + -{v,Q'). 



Moreover, 



and 



c ~ 



{dt + c^d, - d,C)Q = -Q + (c^ - y)Q' + 2c'Q' 



c ~ 



{dt + c'd, - dX)Q' = -Q' + (c' - y)Q". 

c 



We write G = aQ + PQ' + g, where - using again (4.2) and (4.3) 

(g, Q)a = -'l{v,Q)- (c^ - y){v, Q') + ^(t;, Q) + (t;, (Q^).), 

r ~ IDr 
(Q',Q')/3 = - {c'-y){v,Q") + _(^;, g') + 4(t;, QV) + {v^C^Ql) - 2c\v,Q') 

and 



By Lemma 6.3, we have ||5'||yo < J . The difference w = u — u satisfies (abusing the notation 
slightly by denoting by a and (3 new quantities) 

Wt + (?Wx — dxCw = aQ + (3Q' — g 



with initial data w{0) = and again by Lemma 6.3 
We rewrite the equation for u as 



+ ^xxx = -d^i^Qu) + aQ + PQ' =: F. 
Decompose i' = u + w. We recall that 



(8.12) 
hence 



{Q,Q)a = —{u,Q), 



ML^ + \\n^-^,<{\\-\\L^ + \\y-c'\\L^)J- 



The bound for P is simpler. The estimates for the linear equation imply now (8.9). □ 
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As it will be used in the sequel, we note the following simple consequence of Lemma 8.3 
Namely, we have 



(8.13) 



where we denote by Jc,y the quantity analogous to J, but for the given path dictated by 
the c, y modulation parameters. After this nontrivial preliminary step we continue with 
the proof of Proposition 8^ The strategy is to write the equation in terms of 

M = ^ - Qc(t),y(t) - y 

and expand the nonlinearity. In the next step we study multilinear estimates, which in the 
last step are combined with Proposition 6.7 to obtain the a priori estimates. 



8.2. Multilinear Estimates. We proceed as for the initial value problem and bound 
multilinear expressions. In this section we collect nonlinear estimates in terms of the V'^ 



spaces in order to prove Proposition |8.2 
To begin, we have the following 

Lemma 8.4. Let u he a tempered distribution and u\ its frequency localization. Let (p be a 
Schwartz function. Then, 

||0ma||l2 < min{A^"^A"^} {\\ux\\l^y) + \\9xUx\\l^y)) ■ 
Here e is the constant of (3.7). 

Proof. We begin with the case A > 1, in which case we prove the stronger estimate where 
we replace by 7' as defined in Section |3| Let x ^ be supported in {.^ : | < |^| < 2}. 
Then, 



X 



dx 
A 



7'5,MA + A-^ 



X 



A 



dxUx 



X 



dxUx, 



where (d^/X) ^x (^) is an bounded Fourier multiplier. As a result. 



X 



I'dxUx 



< A-i| 



Wa||l2(7')- 



L2 



We estimate the second term on the right hand side using the adjoint of Lemma 3.1 with 
a = 1 and s = 



A" 



-1 



X 



dx 
A 



(7) 



I'dxUx 



<x-'\ 



L2 
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We turn to A < 1. Clearly, 

||0Ma||l2 < \\4>{l'y^\\LA\\fl'U\\\L^- 

Let X = which is the inverse Fourier transform (up to a constant factor) of the 

characteristic function of the interval [—1,1]. Let xq G M. We define 



gx[x) = ux[x)x 



100 



Then, gx satisfies roughly the same frequency localization as vx, and it coincides with ux 
at xq. Thus, by Bernstein's inequalities 

\Vl'i^o)u\{xo)\ < cX^Vl'i^o)\\gx\\L2 < cA2 sup ^=== |Iv7'^^a||l2- 

x,xo \/l [X) 



Now the elementary estimate 



Ia. \ 100 



/—- \ iUU /I 

sup V7 (a;o) ^== — < cA 

x,xo Vl [X) 



completes the proof. □ 
We proceed to prove the necessary multilinear estimates. To begin, we prove the following 



Lemma 8.5. Let c, y satisfy (5.14), u E Xoo^ and v, Q he as in Proposition 
the following estimates hold: 

3 

(8-14) \\dx{uiU2umL-l<\{hA\^-l, 



8.2. Then, 



2 



(8.15) \\dx{u,u,Q')\\ .<\[ 

(8.16) \\d^{u\Q)\\.. <jHv\\^ ilkll --i 
and 

(8.17) \\d^{vuQ'')\\.r <J^W AA\ .-i. 
Proof. We begin with the dual Strichartz estimate 

II/a||w2 < -^"^ 11/^11^1^1- 



THE QUARTIC KDV EQUATION 



51 



By construction, spatial Fourier multipliers in V^, U^, DU^ and DV^ are bounded by the 
supremum of the multiplier, hence 



|Pa5x(<5^Mi,AiM2,A2)||d[/2 < A3||g2^i_;,^M2,A2ll 



4 , 

L3L1 



and 



\\Q'^Ui^X^U2M ll^f^i < WQUIM Wl^L^ \\Qu2M II |,2L2 ll^2,A2 ||looi2 



<min{l, Ai }min{l, A2 ' }Ai' ||mi|| ||m2|| ^-i • 



This is summable for Aj G F and we obtain the desired estimate for A < 1. Assume now 
that A > 1. Then, using Holder and Bernstein and \Q'\^ Q 

1 1 1 1 1 1 

>^~'^\\P\dxQ'^UlM'^'2M IIl^tH-i <A"6 IIQ^^l.Ai II loo ||QW2,A2 II IIQWl.Ai III2 ||Qm2,A2 III2 

<A-iAf min{l, X^^xf min{l, A2 Hll^ill ...-4 ll«2|' 



1 . 



which can easily be summed over Ai and A2 if A > 1. This implies (8.15) and also (8.17). 

We approach estimate (8.14) similarly: We expand Wj, observe that the expressions are 
symmetric and hence it suffices to sum over Ai < A2 < A3. If Ai < 1 we argue as above and 
estimate ui^\^ in L°°, followed by Bernstein's inequality. So we restrict to the case Ai ^ 1. 

Then, using that Q is integrable, 

3 3 
\\\PxQui^XiU2mUzm\\du^ < A3 JJ ||%aJ|l4l°° < A3(AiA2A3)"^ JJ ||mj-a 

i=i j=i 

which is easily summable if A < 1 < Ai, A2, A3. If A > 1 we argue differently. To simplify 
the argument we assume that the Fourier transform of Q is supported in [—1, 1] - handling 
the tail is straight forward but technical. Instead of bounding A||PaQwi_AiW2,A2'W3,A3||z);72, 
we employ duality and study 

<5Ml,AiM2,A2'«3,A3M4,A4'^a;C?t 



sA,- II ■ - I 1 
^ X \ 

00 , 1 



assuming that 1 ^ Ai < A2 < A3. Then, we have 



I < ||<5^^3,A3l|L2||til,Ai||L6|k2,A2l|L6|l^4,A4l|L6 ^ A3 ^ A4 J]^ 



The factor A3 is summable for fixed A4 over 1 < Ai < A2 < A3, 1 < A4 < A3 - this 
suffices since / = if A4 is much larger than A3. As a result, we have proven estimate (8.14) 
and, after checking the proof, (8.16). □ 



We turn to bounds for inner products occurring as inner products of the right hand side 
of (8.1) with Q and Q', and at the right hand side of (8.5) and (8.6). 
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Lemma 8.6. Let u G Xoo^, and v, Q be as in Proposition 8.2. In addition, let ipQ{t) 



be a one parameter family of Schwartz function parametrized by t with uniformly bounded 
seminorms and ip{x,t) = ip^it^x — y{t)). Then for all 1 < p < ^ 



2 
4 



^.18) \\{d-^iuiU2U3U4),'ip)\\LP < Yl 



Mill -1 



where we consider the norm with respect to time and 
(8.19) \\{dAv^u),ij)\\L. < J\\v\\l_.\\u 

For all 1 < p < 2, we have 



_ 1 . 

Y B " " X 5 



3 

ll?y,JI 1 
X 5 



(8.20) \m{uiU2U3Q),^)\\Lv < n Ik. 
and 

(8.21) miv'uQ),^^)h.<J\\v\\ .\\u\\ ^. 
For all 1 < p < 3, we have 



(8.22) \m{u,U2Q'),ij)\\LP<ll 
and 



Uj\\ 1 
X 5 



(8.23) \m{vuQ'),^)\\L.<J\\u\\ .. 



Proof. We expand the terms in (8.18) and we consider 



Ip ■= ||(Ml,Ai^i2,A2M3,A3^i4,A4, V')IUf. 

By symmetry it suffices to look at the case Ai < A2 < A3 < A4. If p = 1 we bound the 
terms using Holder's and Bernstein's inequality as above: 

h <||^^l,Ai ||l°° |h2,A2 ||l°° II \lp\^U3^X3 ||l2 II 1^1 ^M4,A4||l2 



4 

5 



<X! XI min{ A| , A3 « } min{ A| , A^ } J] H^i I 
which is easily summable. We obtain by Holder's inequality 



^00 



^1 ^Ylhj,xML<^ ^Y[\\Uj\\ 1, 
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which we use if 1 < Ai < A4. If Ai < 1 we estimate the corresponding term in apply 
Bernstein's inequahty, and argue as in the next case. Interpolation with the estimate 
yields a summable expression as long as p < ^ 



2' 



We turn to estimate (8.20), denote again the p-norms by Ip and expand again 



h < ||mi,Ai IIl- \\Qu2,X2 IU2 II (9^V')«3,A3 ||l2 < Af min{A| , A2 ' } min{A| , A3 } JJ 
which again is easily summable over Ai < A2 < A3. Also 



Ui 



• 

00 



h <y[\\uj,x^\\l<^ < n 



which is almost summable, and by interpolation we obtain the bounds for any p < 2. 

1 follows by the same arguments as above. It is even 

3 we put estimate Uj^\. 



The estimate (8.22) with p 



simpler. Again we may restrict ourselves to Ai < A2. For p 
into and again the full statement follows by interpolation. A simple check of the proof 
reveals that the arguments above imply (8.23), (8.21) and (8.19). □ 



The right hand sides of (8.5) and (8.6) are functions of t, for which we have bounds in 
L'P for 1 < p < I in terms of ||w|| ._i . In the second equation (8.6) the term {w,CQxx) 

plays a special role: It is in L'^ for 2 < g < 00, but not in for any p < 2 in general. In 
particular we cannot control the deviation of y from the linear movement. 

Equation (8.5) and (8.6) can be considered as scalar linear ordinary differential equations 
for {w,Q) and {w,Q'). The kernel for the fundamental solution is uniformly bounded in 
L'P in the first case, for all p, and in the second case it is bounded in by ^ whereas the 
norm is 1. 

We collect the consequences in the following 



Lemma 8.7. Suppose that w solves (8.1) with {w{0),Q) = {w{0),Q') = and w = v + u 
where v solves (7.2) with initial data w{0). Then, 

(8.24) 



snp\{w{t),Q)\ < iJ+\\u\ 



no 



'l + ||w|| _i' 



and 
(8.25) 



sup|(u;(t),Q')l<(^ 



m 1 

^ no 



)^(1 + \\w\\ if + K 2\\w\ 
I \ II 11^ 5; II I 



_ 1 



Moreover, ij \ <p <\, then 
d 



dt 



{w{t),Q) 



LP(0,oo) 
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We may write ^{w{t), Q') =71 + 72 such that 



|7i||lp(o,oo) <{J + .-1)^(1 + Ikll .-1) 



and 



|72||l2{o,oo) < + IklL-^)- 



Finally, it follows that 

sup(|c(t) - 1| + |c|) + ||c||li < (J + \\u\ 



if{l + \\w\\ 



sup \y-l\<iJ 



\u\\ 



\w\\ + K 2(J+ ||-u|| . 1 ) 



and 
(8.26) 



Proof. This is an immediate consequence of Lemma 8.5 an basic properties of the simple 
ordinary differential equations. □ 

The estimate of this subsection remain true if we consider a time integral instead of 
(0,00). 

8.3. Global Bounds and Scattering Near the Soliton. In this subsection we complete 



the proof of Proposition 8.2 



Proof. By the local existence result there exists a local solution in a neighborhood of the 
soliton. 



The decomposition ip = Qc(t),y{t) + w together with the modal equations (8.3) and (8.4) 
implies existence of functions c{t) and y{t) which satisfy (8.1), (8.3) and (8.4) up to 
fixed time. We recall that after rescaling and shifting {wq, Q) = {wq, Q') = and c(0) = 1, 
y{0) = 0. 

As in the first step we denote the solution to the linear equation with initial data w{0) 
by u. It satisfies the estimates of Lemma 8.3 and (8.13) provided (5.14) is satisfied. 



We suppose that {ip, c, y) is a solution up to time T, such that 

U = 1p - Qc{t),y(t) - V 

satisfies for some /ci, ^2 to be chosen later 



(8.27) 



\u\ 



1 <2A;2^2. 



We shall see that there exist 5, k\ and such that if in addition J < 5, then 



(8.28) 



i 



\u\ 



00 , I 



, 1 < koJ^. 
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This implies the estimate conditionally depending on (8.27). Observe that by Proposition 



8.7 control of the norms implies validity of (5.14) if S is sufficiently small. In particularly 



the estimates on the linear equations hold. 

On the other hand, if we fix C and 6 we can apply a continuity argument with the initial 
data twq. The estimate clearly holds for small r and the norms depend (for finite time) 
continuously on r. This implies the a priori estimate uniformly for all T. The scattering 
statement is an immediate consequence since functions in are left continuous at infinity 



combined with a frequency envelope argument as above. It remains to derive (8.28) from 



(8.27) for suitably chosen ki, k2 and S. 



We formulate the crucial estimate in the following 



Lemma 8.8. Let C he given and v, Q be as in Proposition 8.2 There exist ki, k2 and 6 



such that, if (8.27) holds, \\wo\\ ._i 2 < C and J(o,t)(^) < ^ hold, then 



B. 



X \ 

00,1 



< C3 I M ._i + JJ,T)(^)II^0 



oc, _/ 



^00 



+ Ji 



(0,T)( 



We postpone the proof of Lemma |8.8[ Clearly 

{u,Q') = {w,Q') 



and the same is true for its derivatives. By Proposition |8.7| and simple properties of odes, 
we have with implicit constants depending on the size of the initial data 



d 



\{u,Q')\\li+l^ + \\ — {u,Q')\\li+v^ 



o < 



\u\ 



_i + j + ||(w,(5")I|l2 



and 
Hence, 



d 

'dt ' ' ' " "xl,^ " 

The crucial point is that the right hand side only contains the projection of ti, not u itself. 
We obtain easily 



^00, T 



As a result, using estimates similar to those in Lemma 8.7 we have 



(8.29) 



{Q'.QT 



X % 

00,1 



< ki \\ur 1 + J + \\P u\ 



X '5 

00, T 



X \ 



By Lemma 8.8 and (8.27) 



<C3(||«||'^_i +Jl,T)i.'^) + J)<c^{^kl + l)J + c^J 



00 , 1 
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using, as we may, ._i < 1, and, by the estimate (8.29) and (8.27) 

. -1 < h{J + +C3{8kl + l)Jiv) + CgJ^)). 
We choose first ki, then ^2 and finally 6 small to complete the proof. 
It remains to prove Lemma |8l8 



□ 



Proof. We write the equation for u = w — u, Ut + c^Ux — dxCc^yU =: G 



G 



+ Oii)Q + {y-^ + /3i)g' - dx{<6Ql{u + vf + AQ'^{u + vf + {u + v) 



where ai, (3i ensure the orthogonality conditions for z/, i.e. (8.12). We recall that they 
satisfy 

^ I|c||l2-'' 

and 

\Wi\\l- + Wi\W<J- 

In order to app ly Proposition 6.7 we have to project u. This leads to a calculation similar 
to Lemma 



and (m, Q') = {w, Q') 



H 



8.3[ Let /i = PqiPu and Ht + c^dxH — dxCfi =: H. Then, using {u, Q) = {w, Q) 

d {w,Q') 



G- 



d {w,Q) 
dt{Q,Q) 



Q- 



dt {Q', Q') 

-^('-Q + {c^-y)Q' + 2Q' 
{Q,Q) V 

aQ + /3Q' + g, 



Q' 



{W,Q') fc~. 2 -Nw 

' -g + (c - y)Q 



{Q',Q') \c 



where 



-g =dx{6Qliu + vf + 4Q;(« + vf + {u + u)') + ^^-0 



{Q,Q) 



{w,Q') c 
{Q',Q')c 



By construction m(0) = 0. We apply Proposition |6.7 



< 



Q)\W + \\{g\Q)\\ 



L2 



Q')\W- 



By Lemma 7.1, Lemma 8.5 and Lemma 8.6 we get 



-I<\\nr..+J\\w4 



,2 1 



and by Proposition |8.7| 

\\{9,Q)\W + \\{9^,Q)\W + \\{9,Q)\W ^ 



|2 



<\\ur i + j^iKp 

R 6 ' 
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Together, we have 

□ 



It is straight forward to generahze Proposition |8 . 2| to smaller function spaces in the style 
of Subsection 17.11 

8.4. An Almost Inverse Wave Operator Result. In this section we will construct 
solutions with given asymptotic behavior, proving Theorem [3j This is a partial converse 
statement to Proposition |8.2[ 

Remark 8.2. Theorem [3] is quite satisfactory in several respects. It shows which asymp- 
totic properties may characterize a solution. The main missing piece is uniqueness of the 
solution It implies existence of a solution for small scattering data, and, for arbitrary 
scattering states, existence of a solution with given scattering data for large t. 

Proof. We turn to the - time reversed - equation 

dtw + d^{dlw + AQlw) = {y- c^){w, Q,,) + -{w, Q') + QQ^w^ + AQw^ + w\ Q,,, 

c 

with 

c 

Let V be the solution to the Airy equation with initial data Vq. We may and do assume 



that Ho = 0. By Proposition 8.1 we know that limt_5.oo Jit,oo){v) = 0. Given S > and 
satisfying — c^Sj < 6S, we solve the backwards initial value problem 



^{S) = v{S) + Q,^ 



We choose 1 » 6 » 6 to ensure that \y — c°°\ < 5 for the solutions under consideration. 
The arguments of the previous section allow to do that down to a largest time t^'^ for 
which 

We want to show that the infimum of the t^'^ as a function of y^ is attained for some y^ 
and it is equal to zero if 6 is sufficiently small. Suppose not, and denote the infimum by 
r > 0. By continuous dependence on y^ , given e > 0, there exists an interval [a,b] so that 
the solution exists down to a time smaller than {l+e)T, and ?/^'"((l+e)r) = (c^-5)(l+£)r 
, y^'''{{l + e)r) = (c^ + 6){1 + e)T . Hence, there exists y"^'^ with 

y''''iil + e)T)=clil + e)T. 

But then, if S is sufficiently small, we see that a positive infimum is not possible, and 
moreover this construction gives a limit which is a solution denoted again by y'^) with 
y^{0) = 0. 
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We consider the limit 5 — )■ oo. Since ij^ — and are small there exists a converging 
subsequence y^^, c^^, Sj — )■ oo which converges to c and y. There are corresponding 
solutions Uj and Wj of the corresponding equation. We extend Wj beyond Sj by v. By 
the stability result, given 5 > we find T > such that 

\\wj — f II 1 < 5. 

II J "y~5 — 

oo,[T,oo) 

Using a frequency envelope there exists A so that 

^~^ll(^i)A||y2(r,oo) < (5, 

whenever A > A or A^^ > A. 
In particular, 

\\{w,-wi){t)\\ .,<5 

for t > T{6) and j,l sufficiently big. Again, using J small we are able to deduce that (wj) 

. _i 

is a Cauchy sequence in Xj, ^ and the limit is the desired solution. □ 

Appendix A. Set-up and Properties of the U^, Spaces for the Linear 

KdV Equation 

To define the function spaces U^, V"^, we summarize Section 2 of Hadac-Herr-Koch [6], 
where we suggest the reader look for further details. Let Z be the set of finite partitions 
— oo < to < ti < . . . < tx = oo. In the following, we consider functions taking values in 
:= //^(M*^; C), but in the general part of this section may be replaced by an arbitrary 
Hilbert space. 

Definition A.l. Let 1 < j9 < oo. For {tfc}f=o e Z and {(t)k}k=o ^ ^i^^ X;f=~o^ 110^11^2 = 
1 we call the function a : M — )■ given by 

K 

k=l 

a U'^-atom where xi is the standard cut-off function to interval /. Furthermore, we define 
the atomic space 

{oo oo 
f/P-atom, Xj e C s.th. "^{Xjl < oo 
i=i i=i 

with norm 

{oo oo 
|Aj| u = Xjttj, Xj E C, aj a f/^-atom 

Atoms are bounded in the supremum norm, and hence every convergence here implies 
uniform convergence. 
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Proposition A. 2. Let 1 < p < q < oo. 

(1) The expression \\.\\up is a norm. The space is complete and hence a Banach 
space. 

(2) The embeddings C If^ have norm 1. 

(3) For u E all one sided limits exist, including at ±oo, u is continuous from the 
right, and the limit at — oo is zero. 

(4) The subspace of continuous functions is closed. 

Definition A. 3. Let 1 < J5 < oo. We define as the normed space of all functions 
f : M — ?► for which the norm 



is finite. Here we understand f(oo) as zero. Let denote the subspace of all right 
continuous functions with limit at — oo. 

Taking the partition {t, oo} one sees that the supremum norm is not larger than the 
norm. 

Proposition A. 4. Let 1 < p < q < oo. 

(1) The expression \\.\\vp is a norm and is complete. 

(2) For V all one sided limits including at ±oo exist. 

(3) The subspace Vl is closed. 

(4) The embedding C VT is continuous and \\u\\vP < 2'^/P\\u\\uP. 

(5) The embeddings C are continuous and \\v\\vi < ll'^Hyp- 

From the proof of Proposition 2.17 of Hadac-Herr-Koch [6j, we have the following 

Lemma A. 5. Let f G VT, q > p. Then, given 6 > and m > 1, there exist fi G and 
/2 G such that / = /i + /2 and 



The following corollary is obvious. 
Corollary A. 6. The space is continuously embedded in If^ for q > p. 

There is a bilinear map, B, which for 1/p + 1/q = 1, 1 < p,q < oo can formally be 
written as 



1 



(A.2) 




sup 2^ 

{tfclf^oe^ \k=i 




m-'\\fi\\up + e'n\f2\\u.<\\f\\v.. 





for f eVP, ge U". It satisfies 



B{f,g)\ < \\f\\v49\\u^, 
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which is natural if we replace g by an atom. The map 

is an isometric bijection. Moreover, 

lli^llc/p = svlp{B{u,v) : V e C(M), \\v\\vp — 1}- 

If V e K?, then 

||f llyq = sup{B{u,v) : u G C(IR), \\u\\up = 1}- 
If the distributional derivative of m is in and v & V^, then 



B{u,v) = — J Utvdt. 

Given / e then F{t) = fds e for all p > 1, and hence in F e U^. Moreover, 
II/IIdc/p ll-^lli/p < ll/IUi- We denote by DU^ the metric completion of in the norm 
given by the duality pairing. Similarly we define DV^. 

There is a close relation to Besov spaces, namely 
(A.3) 5f " CU" cVc Bt 

with continuous embeddings. These embeddings clarify the relation to X^'^ spaces below. 

We claim that the convolution with an function 1] defines a bounded operator on 
and with norm < ||r;||Li. Because of the duality statement it suffices to verify bounded- 
ness on U^. We approximate the characteristic function by a sum of Dirac measures. The 
convolution with an atom clearly has norm at most 1. Convergence in to the convo- 
lution with the characteristic function is immediate. The full statement is an immediate 
consequence, as well as the boundcdness of the convolution by a Schwarz function on 
and V^. In particular smooth projections on high and low frequencies are bounded. 

Following Bourgain's strategy for the Fourier restriction spaces we define the adapted 
function spaces 

and similarly DU^ and DV^. 

Again, we define a bilinear map Bkciv such that for u G VKdv^''^ ^ ^Kdv^ have for 
function u with {dt + dl)u e L^L^ 

BKdv{u,v) = - I {{dt + dl)u,v)dt. 



THE QUARTIC KDV EQUATION 61 

Note, this bilinear map is well-defined and gives a duality relation. Hence, 

ll^llw?,,, = sup / ufdxdt, 



11/11.. <i 



'^Wouf.^y = sup / ufdxdt. 



(A.4) 



Moreover, we may restrict / to suitable subspaces. More details on how the construction of 
such atomic spaces allows us to put Ut in the dual space are included in Hadac-Herr-Koch 

By the construction of our spaces we obtain for a solution u of the linear KdV equation 

t^t ~l~ Uxxx f 1 

u(0, x) = Uo{x), 
the estimates 

and 

(A.6) ll^llc/^dv ~ + WJWduI^^, 

which follow trivially from the construction of the V^^y, DV^^y and Uj^^y, DUj^^y spaces. 

Spatial Fourier multipliers act on U^, V^, DU^, DV^ in the obvious way and their 
operator norm is bounded by the supremum of the multiplier. 

Let (p, q) be a Strichartz pair. Then, 

1 

||m||lpL9 < c\\\D\ PU\\up 
and the dual estimate ^ 

\dVp' < c\\\Dr^f\\Lp'Li' 



hold. The first estimate is not hard to check on atoms. Since convergence in and in 
U'L'^ both imply pointwise convergence for subsequences we obtain the full estimate. The 
second estimate follows by duality. 

Similarly the local smoothing estimates carry over to f/^ spaces and to DV^. Let c{t) 



and y{t) satisfy (5.14) Then 

II^IIlsj^i ) < c||m||,j2 

V7' 

and 

ll/llw^<c||/|L.^^,-i. 
In the same fashion the bilinear estimates for solutions to the free equation imply bilinear 
estimates for functions in f/^. 

The smooth decomposition into high and low modulation (i.e. the smooth projection 
of the frequencies to r — large respectively small) is bounded in f/^ and K^, and the 
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LF' norm of the high modulation part gains the inverse of square root of the truncation as 
factor by the embeddings (A. 3). 
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